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PHEIACE 
This t h e s i s e n t i t l e d " A study of Quasi-Lie Algebras*' 
i s a par t of my research work car r ied out i n the Department 
of Mathematics and S t a t i s t i c s , Aligarh Muslim Universi ty , 
under the supervision of Professor M.A. Kazlm. I hereby 
acknowledge my deep sense of gra t i tude t o Prof. Kazlm, 
for h i s loving guidance even i n h i s hardpressed hea l th 
condi t ions . I should a lso thank Professor A.A.Sagle of 
the Universi ty of Minnesota, U.S.A , who suggested to me 
the study of quasi-Lie a lgebras . His advice and const ruct ive 
c r i t i c i sms have helped me a l o t . 
l eake r forms of Lleness play an important role i n the 
study of nonassociatlve algebras . Two such forms l ead t o 
Malcev and extended-Lie algebras which have been well 
inves t iga ted i n the l i t e r a t u r e , A new weakening of the 
Lie condition through an intui t ively satisfying 
irreducible polynomial identi ty in four variables (Section 
2.2) suggests the study of " Quasi -Lie a lgebras ." 
(ii) 
This Thesis cons i s t s of f i r e chapters of which 
Chapter I i s a general in t roduct ion cons i s t ing of a 
b r i e f survey Of re levant nonassoclative algebras wi th 
a few r e s u l t s which are used i n sub sequent chapters . 
In Chapter I I , we have introduced the new algebra, 
ca l led Quasi-Me, by the i d e n t i t y (g.e) and have 
studied o ther i d e n t i t i e s equivalent to the Quasi-Me 
iden t i t y (Lemma 8 .1 , 2. 2, 2.3 and 2.4) . The Quasi -
Lie algebra has been dis t inguished from Malcev and 
extended-Lie algebras through examples (Examples 2.2, 
2.3 and 2»4) . We have fur ther obtained resemblance 
between quasi-Lie algebra, Malcev algebra and extended-
Lie algebra i n the case of so lvab i l i t y ( sec t ion 2.5) , 
and also compared the der iva t ions on Quasi-Lie algebras 
with those of the above algebras (Example 8.6, 2.7) . 
In Chapter I I I , we have defined a new i d e n t i t y 
ca l led Jacobi-Teichmuller (J-T) i d e n t i t y (3.b) insp i red 
by the Teiohmuller i d e n t i t y (3.a) . This Telchmuller 
i d e n t i t y was f i r s t pointed out by Kle infe ld (Journal of 
Algebra vol .18 (1971) pp. 326-339) . A cha rac t e r i za t ion 
of Malcev algebra by means of J«;T i d e n t i t y (Theorem 3.1) 
allows us to give simpler proofs (Theorem 3.2, 3.3 and 
3.4) of some well known r e s u l t s of Sagle (Trans.Am.Math. 
Soc. vol.101 (1961) pp. 426-458) . Examples (Examples 3 .1 , 
(lii) 
and 3.2) are given i n order to d i s t ingu i sh the quasi -
Lie algebra from Malcev and extended-Lie algebras i n 
terms of i t s nucleus and Lie subsets . We find tha t 
the nucleus (Section 3.7) of the quasi-Lie algebra 
i s not an idea l whereas i t i s so i n the case of Maleev. 
Chapter I ? deals with some analogues of Artin1 s 
celebrated Theorem on Alternat ive a lgebras . We have 
provided an a l t e rna t ive proof (Theorem 4.3) of Sagle*s 
Malcev Analogue ©f A r t i n ' s theorem. (Sagle ; Trans. 
Am.Math,Soc. vol.,101 (1961) p . 426-468). She proof i s 
based on the induction p r inc ip le applied to the length 
of a word. I e have also shown by an example (Example 
4.1) tha t there e x i s t s no quasi -Lie analogue of Artin* s 
Theorem. We have fur ther t r i e d to obtain a p a r t i a l 
converse of Artin* s Theorem i n the case of quasi-Lie 
algebra. 
In Chapter V, we f i r s t show tha t an anticommutative 
algebra becomes Lie (Theorem S. 2) # extended Lie 
(Theorem 5.3)
 t quas i -He (Theorem 8.5) , and two other 
algebras (Theorem 5.1 and 5.4) under ce r t a in i d e n t i t i e s 
i n t r i l i n e a r operat ions . Mainly, we e s t a b l i s h a 
r e l a t i o n (Theorem 5.7) between Yamaguti*s general Lie 
t r i p l e system (Definition 5.3) and the i r r educ ib le 
(lv) 
polynomial i d e n t i t i e s of Theorem 2.1 of Kass and Witthoft 
(Proe. Am.Math, Soc. vol.g6 (1970) pp .1 -9) . I t i s proved 
tha t only three of the six i d e n t i t i e s of the general-Lie 
t r i p l e system imply a l l the i r r educ ib le polynomial 
i d e n t i t i e s of Kass and Witthoft . The re la t ionsh ip between 
general "Lie t r i p l e system and L ie , extended-Lie and quasi* 
Lie algebras follows on imposing ce r t a in conditions on 
sca la r s of t r i l i n e a opera t ions . 
A por t ion of Chapter IV has been published i n the 
Aligarh Bul l , of Math, v o l . 1 (1971) pp.109-112, while a 
paper based on c e r t a i n r e s u l t s of Chapter I I I has been 
accepted for publ ica t ion i n the Yokohama J . of Math.,vol-
XXII (1974).. 
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PRELIMINAEIES 
! • ! In t roduct ion . 
The object of t h i s chapter i s t o introduce and 
develop the bas ic notions required In the present t h e s i s . 
No attempt wi l l however, be made to discuss such elementary 
concepts as those of r ings , f i e l d s , vector spaces e t c . . 
Section lwg of t h i s chapter describes the concenpts of 
1
 commutator,' 'Assooiator* and 'Jacobian* as a measure 
of departure from commutativity, a s soc i a t iv i ty and Lieness, 
respect ively i n an algebra, Elementary p rope r t i e s of 
algebras defined by means of assoc ia tors are brought out 
i n Section 1.3 . P a r t i c u l a r a t t en t ion i s paid to Jordan 
and Alternative algebras which are d i r ec t ly relevant to 
t h i s t h e s i s . In Section 1.4, Lie a lgebras , defined by 
means of 'Jacobian1 are discussed. Final ly , i n Section 
1.5, the concept of Lie algebra i s generalized to Malcev 
and extended-Lie algebras. Basic p rope r t i e s are pointed 
out . 
*e 
I t may be added tha t the concepts and r e s u l t s presented 
i n t h i s chapter are sca t tered through such t e x t s as Schafer[660 , 
Jacobson jjSg] and Sagle^jSll . The proofs of the var ious 
r e s u l t s quoted i n the present chapter have been omitted. 
1.2 Commutator, AfifiQclator .and, ^Tacpbi
 t ffxpreaglon 
F i r s t of a l l we r eca l l the def in i t ion of an algebra 
A over a f i e l d F. 
Defini t ion 1 .1 . An algebra A over a f i e ld F i s a vec tor space 
(over F) and a ring sa t i s fy ing the homogenity condition 
a(xy) « (ax)y « x(«y) * V a 6 F and x,y 6 A ( l . a ) 
A need not necessar i ly be assoc ia t ive , 
( i . e . , (xy)ss * x(yz) ) 
In fac t , we shall be i n t e r e s t e d mainly i n the non-
associa t ive algebras which are f in i te dimensional as vec tor 
spaces. 
!Ehe notion of a non associa t ive algebra I s , however, 
too general to lead to i n t e r e s t i n g s t ruc tu ra l r e s u l t s . In 
order to obtain such r e s u l t s one must impose some fur ther 
condit ions on the mul t ip l ica t ion . The most important ones * 
and the ones which wi l l concern Us here , are the pseud© 
associa t ive laws and the Lie condit ions. 
*3 
We give below b r i e f ly some hota t ional conventions which 
we shal l adopt for the present t h e s i s . I f A i s any algebra 
(associa t ive or not) over a f i e l d F# the or ig ina l product of 
two elements wi l l be denoted by the jux tapos i t ion , xy, and 
the following nota t ions w i l l be used. For any elements 
x, y, z e A, 
Commutator x+y » {_x, f] * xy-yx ( l .b ) 
Associator (x,y,a) * xy.z - x.yz ( l . e ) 
Jacob!an J(x#y»z) m xy.z+yz.x+zx.y ( l . d ) 
where the dot i n ( l . c ) and ( l . d ) simply i nd i ca t e s that 
there i s a bracket . 
D e f i n i t i o n , l . g . A non-associat ive algebra A becomes assoc ia t ive 
i f i t s mul t ip l ica t ion s a t i s f i e s the associa t ive law 
(xy)z m x(yz) ( l . e ) 
v i z . , the a s soc ia to r (x,y#z)=> 0. 
Other than the associa t ive algebras , the bes t known 
examples of algebras are the Lie algebras which a r i se i n the 
study of Lie groups. 
Defini t ion 1.3. A non-associat ive algebra A i s said to be a 
Lie algebra i f i t s mul t ip l i ca t ion s a t i s f i e s the Lie condit ions 
4 
3C8 » 0 ( l . f ) 
and 
(icy)z + (yz) x + (zx) y » 0 ( l .g) 
I f A i s a Lie algebra and x, y e A, then from ( l . f ) , 
0 « (x+y) m x2 • xy • yx + y2 
» xy • yx , so that 
xy « * yx (l«h) 
holds in any Lie algebra. Conversely, i f the condition 
(l .h) i s true in A then 2x2 * 0, so that , i f the 
character is t ic i s not two, then x2 « 0. Hence, for 
algebras of characterist ic not g, the condition (l .h) 
can be used for the condition ( l . f ) in the definition of 
Lie algebra. The condition (l .h) i s called antlcommuta* 
t iv i ty condition while the condition (l .g) which i s 
equivalent to (l.d) i . e . , J(x,y»a) » 0, i s called iaagbj. 
i£enl£&. 
Just as the commutator (l .b) measures commutatlvity 
(and lack of i t ) in an algebra A, the associator ( l .c) 
measures the associativity, while the Jacobian (l .d) i s 
the measure of Lieness. By l iberal iz ing the conditions 
of associativity and Jacobi identi ty step by step, we get 
several types of nonassociative and an t i commutative algebrasi 
-g 
b r i e f l y pointed out i n the subsequent Sections of t h i s > 
chapte r . 
1.3 Jordan and Alternat ive Algebras 
I f A i s an associa t ive algebra t one can introduce 
a symmetrized product 
x . y m I (ay + yx) ( l . i) 
on A to obtain a new algebra over f where the vector space 
operat ions coincide wi th those i n A but the mul t ip l i ca t ion 
i s defined by the commutative product ( l . i ) . The new algebra 
obtained l i k e t h i s may be denoted by A* and i t can be seen 
t h a t i n A+ the powers of tl*e elements coincide wi th those 
of A. I f A I s assoc ia t ive , A* i s not only commutative but 
a lso s a t i s f i e s the I d e n t i t y 
(x.y) .. (x.x) * 3t. \jr» (x .xj^ V x, y e A+ , 
which i s due to Jordan. 
This present s t ructure A i s an example of a Jordan 
a lgebra as defined below. 
Def in i t ion 1.4. A Jordan algebra A i s an algebra over a 
f i e l d F i n which products are commutative. 
-6 
x y » yx V i , y e A (1.3) 
ana s a t i s f i e s the Jordan iden t i t y 
(xy) x2 « ac(yx2) V i , y e A ( l . k ) 
The conditions Cl. j) and ( l .k ) may be s ta ted i n terms 
of commutators and assoc la tors as 
\ > t y l = 0 (1,1) 
and 
(x, y, x 2 ) * 0 V x , y 6 A (l.m) 
From the above we see tha t i f A i s a s soc ia t ive , then 
A+ I s a Jordan algebra. 
Def in i t ion 1.5. An algebra A over a f i e ld P i s ca l led a 
special Jordan algebra i f A i s Isomorphic to some gubalgebra 
of B for some a s s i c i a t i ve B. 
The algebras which are not special are ca l led except ional . 
The bes t known example of Jordan algebra i s the set of 
a l l n x n symmetric matr ices . 
There i s another c l a s s of algebras which are s l i gh t ly 
more general than associat ive algebraB, They are a l t e r n a t i v e 
algebras defined as follows. 
-7 
Definition 1.6, An alternative algebra A i s a nonas so ciative 
algebra over a field f satisfying the i den t i t i e s 
xS" « x(xy) V x , y e A (l .n) 
and 
yx2 « (yx)x v x , y e A (l .o) 
These two iden t i t i e s are known respectively, as the l e f t 
and right alternative laws. 
In terms of associators# the iden t i t i e s (l ,n) and (l .o) 
may be written as 
(x, x, y) « (y» x, x) * o v x, y e A (l.p) 
Clearly, any associative algebra i s a l ternat ive. The 
subject of alternative algebras begins and ends with the 
Cayley numbers because alternative algebras were defined in 
order to study the Cayley numbers, which i n turn are the only 
distinguished members of that ©1 
Cayley numbers f i r s t appeared in pr int in 1845. These 
Cayley numbers are the extensions of previously known algebras 
such as the ojuarternions and complex and real numbers| and 
they share many of the i r properties, with one exception that 
they need not be associative. 
*8 
For our purpose i t w i l l he desirable t o define a 
Cayley-Dick son algebra i n terms of mul t ip l i ca t ion t ab le . 
Defini t ion l f 7 . A Cayley-Dlekson algebra i s an e ight 
dimensional vector space over a f i e ld F, having b a s i s 
elements e » e, , e , . • . . . • . e^ where e 0 a c t s as a 
u n i t element and the following mul t ip l i ca t ion t ab l e . 
e l 
*2 
e 3 
e 4 
e 6 
e 6 
e ? 
e l 
<x«0 
~*3 
nxe2 
••s 
"*«4 
e» 
ae 6 
e 2 
e 3 
P«o 
Pfj. 
"
e 6 
**e« 
•pn 
-Pe5 
e 3 
a e g 
f t x 
-ape0 
*e7 
*a®6 
P«» 
ape4 
e 4 
e 5 
©0 
e 7 
To 
t^ 
T
«E 
T , 3 
e 6 
oe 4 
e» 
ae6 
^
e l 
*ate0 
-re3 
*(^ r«8 
ee 
*e? 
P«4 
- f e g 
^
e s 
Y
*3 
«PYe0 
PY^ 
e„ 
*a«6 
peg 
-aPe4 
-re3 
are£ 
-pr«i 
aPYe0 
(x.q) 
I t i s assumed tha t <%» p, Y are nonzero sca l a r s . 
The Cayley numbers r e su l t when we choose F to be the 
f i e l d of real numbers and a * 0 » Y * ~ 1 . I* has been shown 
i n m i n o r ^68] tha t the only f i n i t e dimensional d ivis ion 
algebras over the r e a l s must have dimensions 1 , 2, 4 or 8. 
Hence, Oayiey numbers have close r e l a t i on wi th reals» complexes 
-9 
and quartemions. Moreover, the 8-dimensional Cayley-Dicfcson 
algebra i s conetructed from the quarternionB by the Cayley-
Dickson process whicn i s analogous to the process of the 
construction of complex numbers from real numbers. 
The algebra satisfying (l.p) i s called alternative, 
because the associator (x. , xg» x j a l ternates in the 
sense that, for any permutation of 1, g, 3 we have 
^*i£ V r 3 ^ * * (e®ar)^xi» V x3^ * I n o t h e r w o r d e 
t 
(x» y t e) « * (y, x, z) » (y, z, x) v x, y, z e A. 
One important theorem we can state here i s due to 
Artin £48l . 
Theorem 1.1 The gubalgebra generated by any two elements 
of an alternative algebra i s associative. 
By releasing the associator to some extent we get two 
, more algebras called the flexible and power associative 
algebras. 
Definition 1.8 A nonassociative algebra A i s called 
flexible i f i t sa t is f ies 
(x, y, x) m 0 \* x, y e A. 
i . e . , (xy) x v x (yx) ( l . r ) 
Definition 1.9 A nonassociative algebra i s called power 
associative i f i t sa t i s f ies (x, x, x) « 0 y x f i A, 
-10 
One can see t h a t among Jordan, a l t e r n a t i v e , f lexible 
and the power associat ive algebras, the l a s t one i s more 
general . 
On the l i n e s of Theorem 1 .1 , we can also s ta te tha t 
Theorem l . p An algebra A i s power associa t ive i f every 
gubalgebra generated by a single element i s assoc ia t ive . 
Por more informations on a l t e rna t ive algebras , we appeal 
to several papers of Klelnfeld. 
1.4 Lie algebras 
Now we turn our a t t en t ion towards the nonassociative 
and anticommutative algebras . The most important one among 
them i s the Lie algebra (Def, 1.3), 
Ju s t as one can introduce the symmetrized product ( l . i ) 
to obtain a Jordan algebra A+ from an associa t ive algebra A, 
so one can introduce the commutator £ x » y l « xy-yx on an 
associa t ive algebra A to obtain a new algebra A over F. 
I t i s easy to see that A s a t i s f i e s 
^ x , y] a - [ y , x] 
and 
j j x , y ] , z] • Q y , e] , x ] + [ jz, x] , y] « 0. 
Hence, A* forms a Lie algebra defined i n Def. 1 ,3. The Lie 
-11 
algebras a r i se from the study of so ca l led commutators of 
the group of continuous transformations. Another bes t known 
example of a Lie algebra i s the set of a l l vec tors with 
respect to the vec tor product. 
I t i s easy to see tha t for the vector product 
x x i » 0 , x x y » 0 - Y x x 
( x x y ) x z + ( y x 2) x x + ( a x x ) x y * 0 
are s a t i s f i ed . 
The Lie algebra A* constructed above by introducing the 
commutator on associa t ive algebra A i s cal led the Lie algebra 
of A. There i s an important Theorem (Birkhoff-Wltt) tha t 
erevy Lie algebra i s isomorphic to a Lie algebra of l i n e a r 
transformati on. 
Defini t ion 1.10. Let A be an a rb i t r a ry nonassociative algebra. 
A der ivat ion D i n A i s a l i n e a r mapping of A in to i t s e l f such 
t h a t 
(xy) D . (xD) y • x (yD) ( l . s ) 
Let ID denote the set of a l l der iva t ions i n A, I f D, and D e ID, 
then 
-is 
(xy) (3^ + Dg) « (xy) 3^ + (xy) \ 
» (xBL)y * xCyl^) + (xDg)y + x(yDg) 
* (x(Dj+Dg)) y + x (yCl^+Dg)), 
showing t h a t B^ + Dg 6 ID . Similar ly, a sca la r multiple aD 
also i s a der ivat ion. Moreover, 
(xy) (DjDg) « ( (xBL)y + x (yl^) )Dg 
* (xX^jyy+Cxiy (yDg)+(xDg) (y^+xCyl^Dg) . 
Similarly one can see t h a t 
(ayX^) - <xVi)y * ( xV ( y I l ) + <xV*yV * x(yDsV# 
Subtracting one from anotheri gives 
(xy) [1^ , Dg3 * (* D^ , V* )y • *< y \ > x t Dgl ) . 
Hence, SD i s a sub algebra, of the l i e algebra of 
t ransformations. Shis algebra i s ca l led the Lie algebra of 
der iva t ions or der ivat ion algebra of A. 
Defini t ion 1 .11. A derivat ion D of A i s ca l led inner der ivat ion 
i f D i s i n the Lie algebra of l i n e a r transformation. 
In o ther words, i f we set 
-13 
D m R • L where E and L are r ight and l e f t 
a a a a a 
mul t ip l i ca t ions for a fixed a 6 A, then D i s a der iva t ion 
"because both l e f t and r igh t mul t ip l i ca t ions are der iva t ions . 
Since R and L are i n the Lie algebra of l i n e a r transformations 
a a 
D i s an inner derivat ion, 
a 
We quote the following r e su l t without proof. 
Theorem 1.-.3 {Jacobeon \j&2~})» I f A i s an associa t ive o r 
Lie algebra t then the inner der ivat ions of A form an idea l i n 
the der ivat ion algebra of A. 
The de f in i t ions of the terms sub algebra, two sided i d e a l , 
homomorphism, Kernel of homomorphism, residue c lass algebra, 
which are fami l ia r from the study of associa t ive a lgebras , do 
not Involve a s soc i a t i v i t y of mul t ip l i ca t ion and thus are 
immediately applicable to a l l a lgebras ingsnera l . So i s the 
no ta t ion < BC > for the subBpace spanned by a l l products 
be with b 6 B and c 6 Cjherewe must of course d is t inguish 
between < <AB> 0 > and < A <BC> >. 
Defini t ion l » l p . I f A i s a Lie algebra, then 
A 2 A ^ * < AA > . 
2 A < 2 > . < A « A<X> > 
2> 
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i s the derived se r i e s of A$ and A i s ca l led solvable i f 
there e x i s t s an in teger n > 0, such tha t A*n' « (o ) . 
The following r e s u l t s may be s ta ted without proof, 
Theorem 1.4 (Jacob son £ 6 g j ) - Rrexy sub algebra and homomorphic 
image of a solvable Lie algebra i s solvable. I f A contains 
a solvable idea l B such tha t A/B i s solvable then A i s solvable. 
Theorem l . S (Jacobson L.62D • The gum of two solvable i d e a l s 
of a Lie algebra i s solvable i d e a l . 
Def in i t ion 1.1.3, I f A i s a Lie algebra then 
A 3 A2 « < AA > 
2 A 3 * < A 2 A > 
2> A 4 * < A 3 A > 
D 
2 Ak « < A*"1 A > ^ 
i s ca l led the lower centra l s e r i e s . A Lie algebra i s ca l led 
k 
ni lpo ten t i f A a 0 for some pos i t ive i n t ege r k. 
I t oan be s ta ted without proof tha t the sum of two n i lpo ten t 
i d e a l s of a Lie algebra i s n i l p o t e n t . Whenever we need more 
informations of Lie algebra theory, we re fe r to Jacob son [623 . 
-1© 
1.3 Malcev and Extended l i e algebras. 
In 1 .3 , we have constructed a Lie algebra A from 
an associat ive algebra A by introducing a commutator operator 
I f the same procedure i s adopted on an a l t e r n a t i v e algebra 
(Def. 1.8) which i s more general than associa t ive algebra, we 
are sure to get a new s t ruc ture which can general ize Lie algebra. 
This i s what i s done by Malcev C.S51 i n the study of ana ly t ic 
loops . These algebras* Moufang-Lle algebras* as ca l led by 
Malcev* were renamed as Malcev algebras by Sagle [_6l]. A 
complete study of t h i s s t ruc ture w i l l be seen i n the above 
refered to paper of Sagle. 
I t i s pointed out t h a t the algebra A** obtained by 
in t roducing the commutator on a l t e rna t ive algebra s a t i s f i e s 
the conditon ( l . h ) 
xy m *yx 
xy«xz « (xy.z)x • (yz.x)*+ (zx.x)y ( l . t ) 
where the dot ind ica tes t h a t there i s a bracket and the 
mu l t ip l i ca t ion xy i s as i n A , Hence 
Defini t ion 1.14. A non associa t ive algebra A i s ca l l ed a Malcev 
algebra i f A s a t i s f i e s ( l .h ) and ( l . t ) 
v i z . , 
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xy * *yx 
and 
xy.xz » (xy.z)x + (yz.x)x + (zx.y)x Vx ,y , z e A. 
The following resu l t s* due to SagleC6l]will be s ta ted 
without proof. 
Lemma l . g The i den t i t y ( l . t ) of a Malcev algebra i s equivalent 
to e i t h e r of the following i d e n t i t i e s . 
J (xt y* xz) m J (x , y# z)x ( l . u ) 
«T (x» xy, z) « J(x» y, z)x ( l .v ) 
However, i t i s pointed out tha t ( l . u ) and ( l . v ) combined 
toge ther 
2 (x, y, xz) « J (x,xy,z) (l.w) 
w i l l not give a Malcev algebra. 
The bes t known example of Malcev algebra i s the algebra 
A obtained from the 8»dimensional Cayley-Dick son algebra 
by introducing the commutator operation. The mul t ip l i ca t ion 
tab le of such a Malcev algebra may be seen i n SagleC6l3 and 
our Section 2.2. Whenever we require more r e s u l t s on Malcev 
algebra, we re fe r to the above said paper of Sagle. 
The natura l genera l iza t ion of Malcev a lgebras i s t he 
extended Lie algebras. 
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Defini t ion 1.15 . A non associa t ive algebra i s cal led an 
extended l i e algebra i f i t s a t i s f i e s ( l .h ) 
xy a *yx 
and J (x, y , xy) « 0 (1.x) 
Remark. A few techniques we make use of i n t h i s t h e s i s are 
1. The Jacob expression J (x ,y , z )« xy.z+yz.x+zx.y 
i d e n t i c a l l y becomes zero i f we ident i fy any two elementsi 
because of the anticommutatlvlty. Hence i t should be noted 
t h a t for a l l antioommutative algebras 
J (x»x,y)« 0 « J (x ,y ,x ) V x»y6A» 
2. The Jacobi , expression with anticommutativity 
xy » -yx 
has the property tha t 
J (x ,y , z ) m J ( y , z , x ) » J ( z ,x ,y ) 
and J ( x , y , z) * - J (y ,x ,z ) « -*r(x tz,y) e t c . . 
3. The Jacobi expression i s l i n e a r i n a l l the three 
va r i ab l e s . In other words* 
J (x, y, w+z) m J(x,y,w) + J(x,y#z) e t c . . 
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The 'following r e s u l t s w i l l also be used l a t e r . 
LEMMA 1.3 J(x,y,x$) a 0 i s equivalent to J ( x , y , x z W ( x , x y t z ) . 
LEMMA 1.4 The i d e n t i t y tf(x fy,xz) « «?(x,y,z)x i s equivalent to 
J(x,y,w»)+ J(w,y,xz) * J (x ,y ,z)w • J (w,y ,z )x . 
L,EMMA l . B The i d e n t i t y .J(x,xy*z) m J (x ,y»z)x i s equivalent to 
J(x fwy,z) + J(w,xy,z)« J(x,y,z)w+«r(w,y,z)x ( l .y ) 
LEMMA If. 6 An algebra A of c h a r a c t e r i s t i c not g i s a Malcev 
algebra i f anibnly i f A s a t i s f i e s xy «= *yx, and 
xy.zw * x(wy.z)+w(yz.x)+y(zx.w)*z(xw.y) V x,y,B,w e A ( l , z ) 
This method of changing one var iable to the gum of two 
o the r va r i ab les and opening the bracket (eg, Lemma 1.3 and 
1.4) i s cal led ' l inear iz ing- ' . The reverse process of merging 
two var iab les i n to one i s ca l led ' i d e n t i f i c a t i o n ' . 
We use no ta t ions , symbols, and r e s u l t s of Sagie£.6l3 i n 
general throughout t h i s t h e s i s . 
I I 
QUASI-LIE ALGEBRA AND SOME OF ITS PROPERTIES 
2.1 Introduct ion. 
The object of t h i s chapter i s to introduce 
and discuss the concept of a quas i - l i e algebra. 
This s t ructure i s defined by means of an i r r educ ib le 
polynomial i d e n t i t y s ta ted I n Section g, g. The 
quas i - l ie algebra i s shown to be a genera l iza t ion of 
the l i e - a l g e b r a . I t bears no such r e l a t i o n to Malcev 
or extended-lie algebras. However, there are examples 
of quas i - l i e algebras which are e i t h e r Malcev or 
extended-l ie algebras and also on the contrary. 
The examples given i n Section g.6 br ing out the 
surpr is ing resemblance between Malcev and quas i - l i e 
algebras when the former are solvable. However, i t 
can not be concluded t h a t a solvable quas i - l i e algebra 
becomes a Malcev algebra. The l a s t sect ion of the 
ohapter i s devoted to a simple treatment of der ivat ions 
on the quas i - l i e a lgebras . 
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2. 2 The i r reduc ib le polynomials and the problem 
Let H be the family of a l l polynomials p oyer 
a f i e ld F that are homogenous i n each of several 
non-commuting and nonassoda t ing indeterminates x^ . 
Let the va r i ab le s i n each nonconstant p i n H be Indexed 
i n the decreasing order of t h e i r degree, H i s then 
p a r t i t i o n e d in to c e l l s , ca l led types , designated by 
k- tup lee td^ , dg » . . . , d^] where k i s the number 
of indeterminates and d, are the degree of p i n x. • 
The polynomial (x^jr)x-x2(yx) i s , for example, of type 
\ > , l ] while ( x ^ y i s of type [_2f&) . We say that p , 
the polynomial of type £ c , » c , c„ , , • . , c^ l i s 
of lower type than q. , the polynomial of type j j ! , , dg, . . . , d ^ 
and wri te 
£.V V *•* ' V1 < ^h* V '" • *u3 
i f and only i f e i t h e r 
k m 
t 0* < Id, 
i « i x i«i x 
or , 
k m 
£ 0. « E d . but d4 < c. for the lowest index 3 , 
i s l 1 i « l * 3 3 
a t which c.. ^ d. . 
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Thus, t3» ^ < I> 2l . 
A polynomial p in H i s called irreducible with 
respect to a subfamily S of H i f for each q e H, i f 
q < p in the sense of type and q i s obtained from p 
by identifying variables in p or some par t ia l l ineraizat ion 
of p, then S «> q. 
In other words, a polynomial p i s irreducible with 
respeet to Q. i f by l inear izat ion and identif ication p 
does not imply polynomials of lower type which are not 
implied by q alone. For example* putting w+a in the 
place of w below in {2.e)» we get an equation of the same 
type {ju 1, 1* l\ . I f we identify w with x, the complete 
equation (g.e) reduces to jsero. By no way, (e,e) implies 
an equation of lower type, showing that (2. e) i s irreducible 
with respect to xy « *yx . 
With the above notations and conventions* Ease and 
Witthoft £70 3 have obtained the following resul t . 
Theorem ?,tl The only homogenous polynomials of degree 
not greater than four over a f ield of characterist ic 
different from two that are irreducible with respect 
to xy + yx are 
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J ( x , y , z ) «• xy.a + yz.x+ax.y . . . (g.a) 
(xy.x) x . . . (2.b) 
J (x ,y ,xy) . .* (2.c) 
a(xy.xz) + p^<xy.x)ss - (xz .x)y^ 
• T £{xy.«)x * (xa.y)x } 
+ (P + t ){(ys! ,x)x j . . . (2.d) 
and 
J (x ,y ,z )w - £(w,x ty)a + J(z ,w,x)y - J ( y # z , w ) x (2.e) 
The expression (2.a) i s a polynomial of the type 
f i t I t l 3 a^d I s studied extensively i n the presence 
of anticommutativity (JacobsonU^SJ) and i s well known 
as l i e algebra. The algebra defined by (2.c) and 
anticommutativity has been studied by AfA. Sagle L 6 ^ ! 
which has been named as the extended l i e algebra, and 
i s a genera l iza t ion of l i e algebra as the name i t s e l f 
suggests. The polynomials ( 2 . b ) , (2. d) and (2.e) are 
of types L3» l ] t \ > I t 1"] and [ > , 1 , 1 , l j | 
respect ively and not been studied upto now. 
The i d e n t i t y 
xy.xz « (xy.85)x+(yz.x)x+(Bx.x)y 
by which the Malcev algebra has been defined by Sagle £ 6 1 ^ 
i s a polynomial of the type [2 ( l i l ] » The only i d e n t i t y 
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of the type £2» 1» i l in- the Theorem 2.1» i e the 
polynomial (2. d ) . Hence, we can conjecture that a 
proper subs t i tu t ion of the values of a* P and Y i n 
(2 . a) may reduce to gire the Malcev algebra i d e n t i t y • 
Moreover, i t i s not proper to conclude that the 
s t ruc ture becomes more general as the type of the 
polynomial increases , as we show i n Section 2.6 t h a t a 
quas i - l i e algebra (type C l , 1* 1* l l ) may *wt be an 
extended-l ie algebra (type £2, 2 l ) . 
2*3 Definit ion of Quasi- l ie Algebra 
Our main object of study i n t h i s t hes i s w i l l 
be the polynomial (2.e) i n the presence of anticommutavity 
xy+yx w 0 . 
Defini t ion g.l An algebra A which s a t i s f i e s the 
anticommutativity xy « ryx and the i d e n t i t y 
J(x ,y ,z)w-J(w,x,y)a+J(z ,w,x)y-J(y ,z ,w)x * 0 (2,e) 
w i l l be ca l led a quas i - l ie algebra and the i d e n t i t y 
i t s e l f as quas i - l ie i d e n t i t y . 
I f we assume tha t the algebra A i s Of c h a r a c t e r i s t i c 
d i f fe ren t from two, then we know t h a t the antlcommutativlty 
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i s equivalent to the condit ion x* * 0 for a l l x G A • 
Therefore, i n future, a l l the algebras we consider are 
of c h a r a c t e r i s t i c 4 2. Moreover the quasi - l i e i d e n t i t y , 
by antieommutativity may he put i n the form : 
wJ(x,y,z)-iaJ(w,3cfy)+y«r{ztwt3c)-3e3'(y,2,w)« 0 <2.f) 
Without l o s e of genera l i ty , we can consider any one of 
them (g,e or &f) for future work. 
The following two lemmas which are the consequences 
of the def in i t ion , give some bas ic p rope r t i e s of quaai-
l l e a lgebras . 
Lemma 2 . 1 . The quas i - l i e i d e n t i t y I s equivalent to the 
i d e n t i t y 
J(wx,y,z) 4- J(wy»z,x) + J(wz,x,y) 
+ J(xy,w»z) + J(yz,w,x) + *r(zx,w,y) m 0 (2.g) 
Proof. The quas i - l i e i d e n t i t y (2.f) on expansion, 
y i e l d s , 
w(xyiz • yz.x + zx.y) - x(yz.w + zw.y + wy.z) 
+ y(zw.x+wx. z+xz.w) - z(wx.y+xy.w+yw.x) = 0 
Adding and subtract ing wx.yz, wy.zx and wz.xy and using 
anticommutativity and arranging the terms, we get 
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(wx.y)z + yz.wx + (z.wx)y • (yz.w)x + wx.yz + (x.yz)w 
+ (wy. z)x + zx.wy «- (x.wy)z + (zx.w)y + wy.zx + (y, zx)w 
+ (wz.x)y+xy.wz+(y.wz)x+(xy,w)z+wz.xy+(z.xy)w a 0 
i . e . , J(wx»y*z)+ J(yz,w,x) + J(wy,z,x)+ J(zx,w,y) 
+ J(wz,x,y) + «T(xy,wfz) m 0 
which was needed. 
A straight forward calcination in the similar way, 
gives the converse proof. 
Lemma 2. P.. A quasi-lie algebra of eharaete r i s t i o 
different from three, sa t i s f i es the equation 
J(wx,y»z) + ^(yz,w,x) « 0 
i f i t i s also an extended l i e algebra. 
Proof. Since A i s extended l i e algebra, i t sa t i s f ies 
J(x,y,xy) » 0. 
Linearising the above by putting y+z in the place of y, 
we get 
J(x,y,xz) + <J(x,z,xy) • 0. 
Again l inear is ing by putt ing w+x in the place of x , 
we get 
J(w+x,y,wz+xz) + J (w+x, z,wy+xy) » 0 
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Because of the l i n e a r i t y of the Jacobi expression J , 
we have, 
J(w»y,wz)+J(w,y,xz)+J(x»y,wz)+J<x fy lxz) 
+ J(w,z,wy)+J(w lz,3!y)+J(x t2 twy)+J(x t2,aQr) « 0 
which reduces to 
J(w,yfxz)+J(x»y,wz)+J(w,z,xy)J(x,z twy)fi» 0 
Hence, 
J(wy,z,x)+J(zx,w,y) = «r(wz,x»y)+J(xy,w tz). 
A s imi la r l i n e a r i z a t i o n wi l l y i e ld 
J(wx,y,z)+J(yz,w,x) * J(wy, z,x)*4(zx,w fy). 
Subs t i tu t ing these values i n the r e su l t of lemma g. l , 
we have 
3 [J(wx,y#z) + J(yz,w,x)£ * 0 
which gives the required r e s u l t . 
2.4 Equivalence of the quas i - l i e i d e n t i t y 
Let A be a nonassociative algebra and l e t 
Rj. and l*x be the r igh t and l e f t mul t ip l i ca t ions 
respec t ive ly . Thus IL. i s a mapping from A to A such tha t 
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H : A > A 
X 
R (a) a ax 
Similarly, 
L (a) as xa. 
I t may be noted tha t these R and R^ e t c . ! are 
associa t ive but noneommutative even i f A i s nonassociat ive. 
Sagle \L.6i] Introduced a new mapping A(x#y) as : 
A (x:,y) « (Rx , Ry) * R 
xy 
where <Rx • V * W ~ W ' 
f Consider 
w A <x» y) 
- w(Rx , Ry) - wR^ 
* wx.y - wy.x - w.xy 
m wx.y • xy.w +• yw,x» as A i s anticommutative 
* J (w, x# y ) . 
Therefore, we can say t h a t A (x, y) maps any element w 
of A to the Jacobi expression J(w, x, y ) . 
Now we obtain an equivalence of the quasi-Ide i d e n t i t y 
i n terms of A (x, y) defined above. 
-28 
Lemma 2.3 Any quasi-lie algebra sa t i s f ies the identiy 
EJ(ac,y,«) * A(ytz)Lx+ A(z,x)Ly + A(x,y)L 2 <2.h) 
where L , L and L are l e f t multiplications by x,y and 
z respectively. 
Proof* Sincy xy » -yx» i t i s obvious that 
R «s * L . 
X X 
From the quasi~lie identi ty (g«e), we get 
wJ(x,y,z)« -vF(w,x»y)sH- J(z»w»x)y- J(y,z,w)x. 
i . e . , 
*
R j ( x y # a ) " -wA(x,y)Ez+w^(x,3)Ey-w^(yfS5)R3E 
which implies, 
a j ( X t y , z )« A(x,y)L2+ A(z,x)Ly+A(y,z)Lx 
« A (x, y) L^ -f A (y, z) L ^ A (z, x) I • 
Lemma g.4 A quasi "-lie algebra also sa t i s f ies 
Rx A (y, B)+Ry A. (zf x)+HE A (x, y) 
« A(x,yz)+A<y,zx)'f A(z,xy) (2. i) 
Proof. Consider the quasi-lie identi ty in the 
expanded form (g.g). 
«r(wx,y»z)-Hr(yz.w,x)+J(wy,zlx)+J(zx»wty)+J(wz,x»y)+J(wy,w,a)=< 
which, implies 
wx. A (y# z)+ wy. A (a,x) + wz. A (x»y) 
+ wA(x,yz) • wA(y,zx) 4- wA(z»xy) « 0 
and hence 
E x A(y,2) + EyA(z,x) + REA(x,y) 
* A(x»ya)+ A (y tex) + A (z , xy ) . 
Thus* we found t h a t the quas i - l i e identilgr (g.e) apart 
from i t s equivalence to (g.g),* i s equivalent to i d e n t i t i e s 
(g.h) and (2 .1 ) . 
g.S Quasi " l i e a lgebras v i s - a - v i s l i e , 
Malcev and extended-l ie algebras 
Here we give some examples to compare the 
"behaviour of quas i - l i e algebras and Malcev algebras . 
The example 2.1 below, i s an i l l u s t r a t i o n of both 
quasi -Lie and Malcev algebra but i t i s not a I»le algebra. 
This shows tha t quasi-Me algebra i s a genera l iza t ion 
of Me algebra. The example g. g gives a well known Malcev 
algebra obtained by the Cayley-Dickson algebra i n a 
p a r t i c u l a r way. Further, since t h i s example does not 
sa t i s fy the quasi-Me i d e n t i t y , i t shows t h a t quasi-Me 
algebra i s not a genera l i za t ion of Malcev algebra. The 
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example 2.3 shows the converse of t h i s s i t ua t ion , t ha t 
Malcev algebra i s not the general iza t ion of quasi-Lie 
algebra. The l a s t example g.4 and the remark 2.3 
c l a r i f i e s t ha t when the dimension i s l e s s than or equal 
to two, both the quasi-I*ie algebra and Malcev algebra 
necessar i ly coincide with Me algebra. Thus we say 
t h a t Malcev and quasi-Lie are though gene r a l i nation of 
Lie algebras* yet per fec t ly d i f ferent . 
We consider the following example. 
Example g. l An algebra A having the b a s i s 
£ *1 ' e g ' e 3 * e 4 1 w i i b l 1 the mul t ip l i ca t ion table 
e. 
e, 
e l 
0 
2 
«2 
e 2 
0 
e 3 
e 3 
e 4 
e 4 
«4 
0 
*4 
~*$ " e 4 
-e4 0 -e. 
e. 
0 
i s a quasi-iile algebra, (2.e) i s ve r i f i ed . I t i s a lso 
Maloev algebra and hence extended l i e algebra which 
one can see by ver i fy ing ( l .u ) and ( l . x ) . But, i t i s 
not a l i e algebra since J ( e n , e„, e j » - e . 1 0. 
*• 2 O 4 
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Example 2.2 An algebra A with ba s i s 
t ®1 * e 2 * ®3 • e 4 » e 5 * e 6 • e7 3 
and the mul t ip l i ca t ion t ab le given below i s another 
example of Malcev algebra. (Briefly, i t i s the Slalcev 
algebra obtained by introducing the commutator operation 
on the Cayley Dickson algebra) t 
e l 
«2 
0 3 
e 4 
e 5 
e 6 
«7 
*1 
0 
~2*2 
"*2©*» 
- 2 e 4 
2 e 6 
2e6 
2e? 
*2 
2
*2 
. 0 , 
-2« 7 
ge
€ 
• • i 
0 
0 
®3 
Se 3 
2e? 
0 
- 2 e 5 
0 
~ \ 
0 
# 4 
2 e 4 
-2e 6 
2e g 
0 
0 
0 
-*i 
e 6 
- 2 « g 
e l 
0 
0 
0 
s«4 
- 8 » , 
*6 
-2e 6 
0 
*1 
0 
- 2 e 4 
0 
2e 2 
e« 
- 2 e 7 
0 
0 
e l 
2 e 3 
-eeg 
0 
I t can be ve r i f i ed eas i ly tha t 
J<« 4 . e g , e e ) e 7 - J ( « 7 , e 4 , eB)«6 
+ J ( e 6 , e ? , e4) « 5 - J ( e g , « 6 , e?) « 4 
• 36e4 j * 0, and hence, i t i s not a quasi-Me algebra. 
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Example 2.3 The following i s an example, as one can 
verify, of an algebra which i s quasi-lie but not Malcev. 
Consider the algebra A with basis ^_e., eg , e„» e . ^ 
and the multiplication table *. 
e, 
e, 
• l e e e. 
e, 
2 
3 
4 
^ 3 
*
e 4 
0 
0 
0 
~
e i 
0 
0 
-e 
e 4 
e. 
e. 
0 
I t i s not also diff icul t to verify that t h i s i s a 
quasi-Lie algebra. 
Moreover, checking ( l . u ) , we find 
and 
J<V eg, e ie 3) * eg 
^(e^i «gt e 3 ) %^m 0 , 
Hence the above i s not a Malcev algebra. I t i s not an 
extended Lie algebra as i t does not satisfy ( l . c ) , because 
J(e^, e , «1*g) * e^ / 0, 
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From the above example* i t i s c l e a r that ne i the r the 
Malcev algebra i s the genera l iza t ion of quasi* Lie algebra 
nor quasi-Lie i s the genera l iza t ion of MaloeT algebra. 
Malcev '-' ' . > extended Lie 
i / ' 
?i 
/ Quasi- Lie 
Remark g. 9 I t may be noted tha t a l l anticommutative 
algebras of dimension^ 3 are quasi-Lie algebras (because 
i f you ident i fy any two elements of the quasi-Lie i d e n t i t y , 
i t reduces to zero) . 
Remark g. $ All anticommutative algebras of dimension 
£ 2 are Malcev (Lie also) algebras* Even i n the case 
of dimension 3, we show by an example tha t the quasi-Lie 
and Malcev algebras need not be the same t 
Examnle p.4 Consider the algebra A with b a s i s ( ^ * e g » « 3 ? 
having the mul t ip l ica t ion table : 
Lie 
~> 
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e l 
e 2 
•» 1 
«1 
0 
~*1 
~«2 
*2 
*1 
0 
e 3 
• 3 
*£ 
~
e 3 
0 
This algebra i s ne i the r M e , nor Malcev, nor extended-
M e , { since 3{e^f e g § e-^eJ 4 0 ) . But, i t i s a 
quasi *Me algebra. 
g.6 Nature of Solvable quasi -Lie algebras 
I n t h i s sect ion, the property of solvable 
quasi-Me algebras has been discussed as done i n SagleLf i l ] 
fo r Malcev algebras . Example 3.1 of Sagle\l61^] shows 
t n a t a solvable Malcev algebra need not be a Me algebra. 
Our example 2.5 below e x h i b i t s a s imi lar phenomenon for 
quasi-Me algebras . But i t i s impossible to conclude 
tha t a solvable quas i - l i e algebra i s a Malcev algebra, 
since example 2.6 below gives an example of a quasi-Me 
algebra which i s solvable but not Malcev. 
Definit ion g. 3 Let A be a nonaseociatlve algebra. 
Define A^ induct ively as follows : 
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A <2) A. A, and A (k+1) A(k) .(k) A* ' . A* 
The chain A P A ( 2 ):> . .« 2 A ( n ) < * • • • « * 
i s ca l l ed the derived aerieR of A , and i f there e x i s t s 
an i n t ege r n such tha t A^n' » (0) , we say tha t A i s 
solvable. 
Consider the following examples I 
Example P.. 5 Let Abe an algebra with b a s i s ^ e i » e g* e 3* e 4 } 
having the mul t ip l ica t ion t ab l e : 
f e l 
e. 
2 
e. e. e 4 
0 
e, 
e. 
•e , 
e. •e 4 
0 
~Se4 
0 
2 e 4 
0 
0 
0 
0 
0 
By verifying ( g . e ) , i t can be seen tha t A i s a quasi-Me 
algebra. 
How, A^2> i s an algebra generated by 
{ « g • « 3 • « 4 \ and A^3) by { e ^ end A ^ = (0 ) . 
Hence, the derived se r i e s 
A 2 (2) 2 A ( 3 ) Q A(4) (0) 
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terminates showing tha t A i s solvable. But i t i s not 
Lie algebra since J ( e x , e g , eg) 4 0. 
So, i t i s c lea r that a solvable quasi-Lie algebra need 
not be a Lie algebra. The quasi-Lie algebra has a 
s imi la r behavious as Malcev algebra when i t i s solvable . 
We fur ther show tha t a solvable quasi-Lie algebra 
need not be a Malcev algebra . 
Example g.6 The algebra A with b a s i s {\* egi e3» e 4 ] 
having the following mul t ip l i ca t ion : 
'1 
5e 
e 4 
0 
*i 
e 8 
0 
e g 
e. 
-e-
e 2 
0 
-e. 
e 4 
"9t 
e. 
0 
i s eas i ly ve r i f i ed to be a quasi-Lie algebra ( 2 . e ) . 
A*2' i s generated by { e ^ , e g , e ^ and 
A^3) « A ^ . A ^ i s generated by j e ^ , e I 
A^4) « A^ZK A*3) i s generated by { e±i 
and A<6> . A(4>. A<4> . (0 ) . 
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The derived se r ies 
A 3> A(2>^> A ( 3 ) :> A ( 4 ) ^ A ( 5 ) * (0) terminates 
showing tha t the above algebra i s solvable. I t i s easy 
to check that J ( e 4 , e„, »4«g) 4 J ( e 4» e*» eg) e 4 ^ ^ 
hence i t i s not Malcev. 
Thus I t may be concluded tha t quasi-Lie a lgebras 
and Malcev algebras though have s imi la r behaviour when 
they are solvable, ye t remain quite d i f fe ren t . 
2.7 A der ivat ion on Malcev i s not a der ivat ion on 
quasi-Lie 
Defini t ion g.4 A der ivat ion of an algebra A i s a Linear 
transformation D of A sa t i s fy ing 
(xy)D m xD.y + x.yD for a l l x, y 6 A. 
This i s equivalent to say tha t D s a t i s f i e s 
R
xD * ^ Rx' D) f o r *** x i n A# 
I t has been pointed out i n Jacob son [.62'] tha t the r ight 
mul t ip l i ca t ion R i s a der ivat ion on Lie a lgebras . 
I n Malcev algebras* the r igh t mu l t ip l i ca t ion R 
x 
need not be a der ivat ion. For example, In example 2.1 
of Malcev algebra, consider (e„ e j R 
2 3
 *1 
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But, 
e2 \ ' *Z + 08 * *3 \ 
- ' *2 *3 * 6 2 ( " 6 3 ) 
Hence <eg e ^ ^ ( • g ^ ) * % * « g • U ^ ) 
which shows t h a t Ra i s not a der iva t ion on Maloev algebra. 
e l 
I t has been shown by Sagte C.613J t h a t the mapping 
defined by 
D(x,y) • (Rx, Ry) • R ^ ( 2 . j ) 
i s a der ivat ion on Malcev algebras . 
Our aim i n t h i s Section i s to give a counter example 
to show that even t h i s mapping (g . j ) which i s a der ivat ion 
on Malcev algebra, need not be a der iva t ion on quasi-Lie 
algebra. 
Example g.7 l e t A be a nonassociative algebra with b a s i s 
^ e x , e g , e ^ having the mul t ip l i ca t ion t ab l e : 
e« e, 
e^ 
0 
"e. 
»e, 
2 
0 
"*1 
e. 
9n 
I t can b« ver i f ied tha t i t i s quasi ~Lie algebra ( g . e ) . 
But i t i s not an extended Lie algebra as 
J(e2 • V e2 V * ° ' 
and hence not a Malcev algeto 
Consider 
D(e2 , e3) . (R6g , R ^ ) • R ^ 
e 2 ®3 e 3 e 2 V s 
» R_ R_ "* R R + R 
6 2 e 3 e 3 *2 6 1 
This mapping D takes e.^ e g , e g as follows *. 
e 
2 3 3 2 1 
• l e 2 • e 3 " e l e 3 ' C2 + e l ^ 
2fi^ . 
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Similar ly , 
e D« -ge and « , D<• "2e 3 
Now take 
But 
(el V D * eg D * ~2e2 
e l D • e g + *1 * e g B 
e 0 , 
which shows tha t 
(xy) D 4 xD . y + x . y3> 
Hence the 'D1 defined above (2 . j ) i s not a der ivat ion 
on quasi-I»ie algebra. 
I l l 
JACQBI^ TEICHWJLLER IDENTITY AND ITS APPLICATIONS 
3.1 Introduct ion 
In t h i s sect ion we f i r s t introduce a new I d e n t i t y 
(3.b) which we ca l l tTacobi-Teichmuller i d e n t i t y . This new 
i d e n t i t y has been inspi red by the Teichmuller i d e n t i t y 
( 3 . a ) , which was pointed out i n KleinfeldD'C] 
We use t h i s i d e n t i t y f i r s t l y in giving a new 
charac te r i za t ion of Malcev algebras (Theorem 3.1) and then 
find i t very useful i n giving a l t e rna t ive and simpler 
proofs of some known r e s u l t s of Sagle (Theorems 4 . 1 , 3.6, 
5.13). We fur ther check t h a t the maximal Lie subset which 
forms a subalgebra i n Malcev algebra (Theorem 3.8) w i l l 
not form so i n quasi-Lie algebra (Example 3 .1) . The proofs 
of the r e s u l t s tha t J (A, A, A) and the nucleus form i d e a l s 
i n a Malcev algebra, are given i n sect ion 3.6 and 3.6, by 
simple methods, us ing the J*T i d e n t i t y . The l a s t sec t ion 
exh ib i t s tha t the nucleus of a quasi-Lie algebra w i l l not 
form an idea l as done i n the case of Malcev algebras . 
~4g 
3.8 J acobi -Dei chmulle r i denti ty 
All the nonaseociative algebras satisfy the 
ident i ty 
f(w,x,y, z) « (wx,y, z) *• (w»xy»z) + (w,x,yz) 
~w(x,y,z) • (w,x,y) z « 0 (s.a) 
known as the Teichmuller ident i ty . Here the brackets 
represent associators. I t may be noted that though (3.a) 
i s identical ly zero, even on identif icat ion of variables* 
the aseociator brackets separately are neither zero* nor 
any two together contribute zero. For example, on 
identifying three variables w « z «= x
 f we get 
0 m f(x,x»y,x) * (x2»y*x)~(x,xy,x) + (x,x,yx)~x(x,y,x)-(x,x,y)x 
where none of the brackets i s zero and neither two of these 
together contribute zero. Very recently Kleinfeld 71 
repeatedly made use of (3.a) to prove a powerful resul t , 
that a simple nonaseociative ring H with an idempotent 
e 4 I t East be alternative and hence e i ther a Cayley vector 
matrix algebra or associative algebra. 
In th is section we define a new paral le l Identity in 
anticommutative and nonaseociative structures which has 
important applications. We only change the associators to 
Jacobi expressions. 
Our identi ty has the form : 
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J(wx fy,z)-J{w,xy,z)+J(w fx,y2)-wJ(x,y,2) '-J(w>x,y)2 * 0 (3.0) 
we oal l (3.b) a JrT i den t i t y - the Jacobl-Teichmuller 
iden t i ty* 
Remark 3.1 Arbitrary r ings sa t is fy the Teichmuller 
i d e n t i t y ( 3 . a ) . But, they do not sa t i s fy the J-T i d e n t i t y 
(3 .b ) . I f we open the Jacobi expression of (3 .b ) , and 
cancell the s imi lar terms by making use of anticommutativity 
i t does not reduce to zero i d e n t i c a l l y . I t means tha t 
anticomrautativity does not imply the J-T i d e n t i t y ; though 
i t holds in Malcev algebras . 
We get some i n t e r e s t i n g r e s u l t s from J-T i d e n t i t y 
by i d e n t i f i c a t i o n s . 
lemma 3.jL In anticommutative algebras the J-T i d e n t i t y 
(3.b) implies ( l . u ) , the Malcev i d e n t i t y 
J{x,xy, z) m J ( x , y , z ) x . 
Proof. Put w » x i n (3.b) we get 
J ( x x , y , z W ( x , x y , z ) + J ( x , x , y z ) - x J ( x , y , z ) - J ( x , x , y ) z * 0 
© 
Since we have x « 0 i n ant i commutative algebras , the 
f i r s t term i s zero. Similar ly , 3rd and 5th terms are 
zero as a consequence of anticomrautativity. We are l e f t 
wi th 
- J (x ,xy ,z) - xJ (x t y, z) » 0 
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which gives that 
J (x ,xy ,z ) « J (x ,y , z)x. 
Remark 3.2 In the same way, by ident i fying w»y and then 
interchanging x and y, we get 
J (x ,y ,xz) » tT(x,y»z)x. 
Remark 3.3 Put w«x»z i n (3 .b ) , then we have 
J (x 2 , y ,xW(x ,xy ,x )+J (x ,x ,yx )*xJ (x ,y ,x )nT(x ,x ,y )x * 0 
where each term i s separately aero. Thus, Ident i fying 
any three va r iab les y i e ld s nothing unl ike the Teichmuller 
i d e n t i t y which implies f l e x i b i l i t y i n such a case. I f 
we iden t i fy any two elements, we have 
Lemma 3.2 The J-T iden t l ty (3 .b ) implies the extended 
Lie i d e n t i t y *r<x,y,xy)» 0, 
Prooff. Put w « x and z * y i n (3 .b ) , we get 
J(x2»y,y)-J(x,xy,y)+J(x,x,y2) 
- x J (x ,y ,y ) - J (x ,x ,y )y = 0 
All but the second term are i den t i c a l l y aero. Hence 
we have 
* J (x ,xy,y) * 0, 
which by anticommutativity y ie lds 
J (x ,y ,xy) * 0. 
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Remark 3.4 The investigations of this section lead us 
to assert that anticommutative algebras satisfying J-T 
Identi ty will atleast be Malcev or extended Lie algebras. 
3.3 Characterization of Malcev algebras by 
J - I ident i ty 
t 
I t was pointed out in the previous section that 
the Teichmuller identi ty 
(wx,y, 2)-(wtxy,z) + (w,x,yz)-w(x,y,z)-(w,x,y)gi = 0 (3.a) 
holds in a l l nonassociative algebras, but not the jr-I 
ident i ty 
J(wx,y, z) ~J"(w,xy, z)+J(w,x,yzi) -wJ(x»y, e) 
* J(w,x,y) e * 0 (3.b) 
In th i s section, we prove that there i s only one 
algebra that sa t isf ies (3.b), other than the l i e algebra, 
i . e . , Malcev algebra. 
Theorem 3.1 An anti commutative algebra i s Malcev i f and 
only i f i t sa t i s f ies the 3acobi-Teichmuller ident i ty . 
We require the following result {proposition g* gl) 
of Sag le [6 l3 . 
Propor t ion 3Tl An algebra A of characterist ic not 2 i s 
a Malcev algebra i f and only i f A sa t i s f ies 
xy m - yx 
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and 
xy.zw * x(wy.z) + w(y2s.x) + y(zx.w)+ z(xw.y) 
for a l l x,y,z,w in A. 
Proof of the- (Theorem. The necessary part follows from 
Lemma 3.1. For the sufficiency part , l e t A be a Malcev 
algebra. From the above proposition 3.1, we know that 
A sat is f ies 
xy.zw « x(wy.z)+w(yz.x)+y(ax.w)+a(xw.y). 
Interchanging x and y we get, 
-yx.2w+y(wx*z)+w(xz.y)+x(zy.w)+z(yw.x) « 0 (3.c) 
Now consider {the sum of 3.b and 3c), 
0 = £(wx,y,z)+ y(wx.z)^ - £(w»xy,z)+ yx.zwj 
+ [(w,x,yz)+ x(ssy.w)] - { w(x,y,z) ~ w(xz.y)^ 
• [(w,x,y)z *• z(yw.x) J 
The f i r s t bracket 
(wx,y, z) • y(wx.z) 
« (wx.y)a *- wx.yz + y(wx.z) 
n (wx.y)z + yz.wx + (z.wx)y 
m 3 (wx,y, z) • 
Similarly considering the other brackets also, the 
above equation gives 
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0* J (wx ,y , zW(w,xy ,z )+#(w,x ,yzWJ(x ,y , z ) - J (w ,x ,y )z 
which i s the J-T i d e n t i t y . 
3.4 Lie subset and J-T i d e n t i t y 
Defini t ion 3.1 Let A be a nonassociatlve algebra. A 
subset B of A i s cal led a l i e subset of A i f J(B,B,B)s=0. 
B i s cal led a maximal Lie subset i f B i s maximal subset 
of A such that J(B,B,B) » Q. I t w i l l be a quasi Lie 
subset i f i t s a t i s f i e s the quasi-Lie condit ion ( g . e ) . 
By using Zorn* s lemma, one can r ea l i ze tha t such a 
Lie subset exis ts* I t may be noted that i f B i s a maximal 
Lie subset then x 6 B i f and only i f J(x,B,B) * 0. 
F i r s t l y , we show t h a t i n the case of a quasi~Lie algebra, 
a maximal Lie subset i s not a subalgebra which I s contrary 
to the case of Malcev. Next* we use the J-5? i d e n t i t y to 
give a simpler proof to the above Theorem of Sagle C$1 D 
(theorem 4 .1) , t ha t i n a Malcev algebra of c h a r a c t e r i s t i c 
4 3, a maximal Lie subset i s a subalgebra. Lastly* we -
give a counter example to exhib i t t ha t t h i s Theorem can 
not be fur ther extended to show tha t a maximal Lie subset 
i s an ideal i n Malcev a lgebras . 
Example 3.1 Consider the algebra A «i» V * 3 <>*" 
Example 2.4. 
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Let B » \*r* e%\ * B I s a Lie subset since 
J(B,B,B) « 0. Moreover, B i s a maximal Lie subset 
because, the only set which contains i t , i s A and A i s 
n e i t h e r a proper subset nor Lie. But we have, 
e« e» «* ©0 {S is , 
which shows t h a t B i s not a subalgebra. 
The following wi l l be an a l t e rna t ive proof of 
Theorem 4.1 of SagLefcO by the appl ica t ion of J-T 
i d e n t i t y . 
Theorem 3.P. Let A be a Malcev algebra of c h a r a c t e r i s t i c 
4 3. Then every maximal Lie gubget B of A i s a subalgebra 
of A. 
Proof. A being Malcev, consider the «T-T i d e n t i t y 
J(wx,y,z) -vT(wf3jy, z)+J(w,x,yz) -wJ(x,yz -J(w,x,y) z»0 
Let w,x,y,2 be In B, the maximal Lie subset of A. 
Then J(x,y,as) and J(w,x»y) are zero. 
Hence 
J(wx,y, a) *J (w,xy ,z ) + J(w,x,yz)« 0 (3.d) 
Since B i s a Lie subset, (2.e) I s always s a t i s f i e d , so 
B i s a quasi-Lie subset. 
Hence, using Lemma 2.2 
•49 
J(wx, y» z) + 3(yz, w, x) * 0 i n B. 
Using t h i s fact i n (3 .d ) , we have 
J(w, xy» 2) a 0 for a l l w,x ,y ,z 6 B. 
Hence, B i s a eub algebra. 
How, we show tha t i n a Malcev algebra, the maximal 
Lie subset need not be an i d e a l . 
Example 5.2 Consider the algebra A with ba s i s 
1*1* eg* e 3 * € 4 } given i n Example 2 .5 . 
Let B = ( e ^ , e g , e*l . By mul t ip l i ca t ion , we check 
tha t J(e-, , e g , e j • 0, showing tha t B i s a Lie subset.. 
Since A i t s e l f i s not L ie , i t 1 B c l e a r t ha t B i s a 
maximal Lie subset of A. B i s a sub algebra by Theorem 
3.2, but i t i s not an idea l because 
e^, e 3 a - e 3 # B. 
3.5 Jacobi expression J(A,B,C) and J»T iden t i t y 
Let A be a nonaesociative algebra. The set of 
a l l elements of the type J (x ,y ,z ) i e denoted by J(A,B, C) 
where x G A, y e B and z G C. I t has been shown by 
S a g l e ^ 6 l 3 (Theorem 3.5) tha t J(A,B,C) i s an idea l of A 
i f A i s Malcev algebra of cha r ac t e r i s t i c / 3, where B, C 
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being i d e a l s of A, We f i r s t show tha t t h i s resu l t i s 
not t rue i n the case of quas i - l i e algebra by giving an 
example where J (A, A, A) i s not an Idea l . Hext, we give 
an a l t e rna t ive proof of the above s ta ted Theorem 3.6 
of SagleQei"! with the help of J-T i d e n t i t y . 
Example 3.1 l e t A be an algebra with b a s i s l e i » 0 g » e 3 » € 4 ] 
having the mul t ip l i ca t ion table : 
e. e, 
e l 
&0 
e 3 
*4 
0 
*
6 2 
*
e 3 
2 e 4 
e 2 
0 
^ 1 
3 
e 3 
h 
0 
~*2 
'
2
* 4 
e 3 
e 2 
0 
I t can be ve r i f i ed t h a t (2.e) holds and therefore i t i s 
a quasi » l le algebra | but not an extended l i e algebra as 
J ( e g , e3»e ?e3) 4 0 and hence not a ffialcev algebra. By 
ca lcu la t ing *F(e 1*eg»e 3)» J^ e i» eg» e4^» J * e g* e 3 ' e 4^ a n d 
J(*L*e3**4) one can see eas i ly tha t J(A,A»A) i s a vector 
space spanned by the set B » eg* e3* e4 5* B i s not 
an idea l of A. I t i s not even a gubalgebra since 
e 2 e 3 e s *1 # B* 
The following i s an a l t e rna t ive proof of Theorem 3.5 
of Sagle Ufill i n the improved form by making use of the 
J-T i d e n t i t y . 
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Theorem 5.3 In a Malcev algebra A of c h a r a c t e r i s t i c £ 2 
J(A,B,C) i s an idea l of A where B, C are i d e a l s of A . 
Proof. Consider the J-T i d e n t i t y 
J(wx»y,z) - J (w,xy,z) • J(w,x,yz) 
- wJ (x,y, z) - J (w,x ,y)z » 0 
Hence 
wJ(x,y,z) * J(wx,y,z) + J(xy,w,z) + J(w,x,yz) 
+ ztT(w,x»y) (3 . f ) 
we suppose t h a t t , x e A, y e B and z E C where B, C are 
a rb i t r a ry i d e a l s of A. 
Then from ( 3 . f ) , we have, since A A, AB B, 
AJ(A,B,C) C J{A,B,C) + J(B,A,C) • J(A,A,BC) 
+ CJ(A,A,B) <3.g) 
To show that J{A,B,C) i s an idea l of A, we have only to 
show that J(A,A,BC) £ J(A,B,C) and 
J(AtA,BC)C"^ J(A,B,C) 
Consider 
J (x,y, z)w m (xy.z + yz .x + zx.y) w 
« J (xy,z,w) + J(yz,x,w) + J(zx,y,1w) 
- zw.xy - (w txy)z - xw.yz - (w,yz) x 
~ yw. zx - (w. zx) y 
Subst i tu t ing the values _of zw.xy, xw.yz and yw. zx from 
( l . « ) , and adjust ing the terms , we get 
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J(x ,y ,z)w » J(xy fz,w)+J(yz,x,w)+J(zx ty>w)-M(x,y,S5) 
which yields^ 
SJ(x,y,z)w= J(xy»z,w)+J(yz,x,w)+J(zx,y,w) (3*h) 
I n (3.h) we assume tha t x,y e A, z S f i and w e C, 
Since A i s of c h a r a c t e r i s t i c ^g , we get 
J(A,A,B)0 £ J(A2,B,C) + tf(AB,A,C) + J(BA,A,G) 
£J(A,B,C) (3 . i ) 
Consider the i d e n t i t y (l .T) which we obtained as 
a consequence of extended Lie i d e n t i t y , 
«J(x,wy,z) + J<w,xy,z) * J(x#y»wz) • J(w,y,xz) 
which gives 
J(x»y,wz) « J(x,wy,z) + J(w,xy,z) - £(w,y,xz) 
Here* we assume tha t x , y , , e A, w e B and z e C, we have 
J(A,A,BC) ci J(A,BA,C) + J(B,AS,C) + J(B,A,AC) 
£J(A,B,C) (3 . j ) 
How we have, 
AJ(A,B,C) C J(A,B,C) + J(A»A,BC) + J(A,AtB)C 
£J(A,B,C) 
which shows tha t J(A,B tC) i s an idea l of A, 
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A na tura l consequence of t h i s theorem i s I 
Corollary 3.1 I f A i s a Malcev algebra of cha r ac t e r i s t i c 
£ 2 then J (A, A,A) i s an ideal of A. 
Remark 3.6 An elementary independent proof of t h i s 
corol la ry 3.1 can he obtained by using only (3 .h ) . 
Remark 3.7 Our Theorem 3.3 i s more general than tha t of . 
Sagle as we do not assume t h a t A i s of cha rac t e r i s t i c 
7* 3« 
3.6 Nucleus of Malcev algebra and J-T i d e n t i t y 
I n the case of Al te rna t ive , Jordan and f l ex ib le 
a lgebras , the nucleus has been defined as the set of a l l 
elements which associate with every element of the algebra. 
In our oase, because of the tfacobl-expression, the 
following def in i t ion has been found usefu l . 
Defini t ion 3<4 Let A be a nonassoclatlve algebra. The 
set N = S x 6 A | «sr(x»A,A) « o | i s ca l led the nucleus 
of A, 
Obviously, N i s the maximal subset of A such tha t 
J(N, A, A) «= 0. 
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Sagle £ 611 has proved tha t the nucleus of a Malcev 
algebra i s an idea l (Theorem 5.13). The main aim of 
t h i s sect ion, i s to give a simple proof of the above 
theorem of Sagle [61] by the help of the J~T i d e n t i t y . 
A p a r a l l e l question for quasi~Lle algebras w i l l be answered 
i n the next sect ion. 
The following i s a known re su l t of Sagle £ 6 1 J . 
Lemma 3.3 I f A i s a Malcev algebra, and N i s the nucleus 
of A, then A s a t i s f i e s NJ(A,A,A) = 0. 
This r e su l t can also be obtained by taking 
w e N, x , y , e e A i n (3.h) 
Now, with the help of the J-T i d e n t i t y , we deduce 
Theorem 5.16 of Sagle C 6 l ] i n a simpler way. 
Theorem 5.4 The nucleus N of a Malcev algebra i s an 
i dea l of A. 
Proof. In the J-T i d e n t i t y 
J(wx,y,z) - J ( w , x y , z ) • J(w,x,yz) 
~wJ(x ,y ,z ) • J ( w , x , y ) 8 a 0 
We assume tha t 
w e H, x»y,E e A, then by def in i t ion 3.4, 
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J(w,xy,z) a J(w,x,yz) « J(w,x,y) « 0, 
which leadB to 
J(wx»y,z) wJ(x,y,z) (3.1c) 
Again, i n the same J-T i d e n t i t y , we assume tha t 
x G If, w,y,a 6 A. 
We get 
J(wx,y,z) m J(w,xy,j5). 
Using the r e su l t (3 .k ) , the above equation y i e l d s , 
-x4"(w,y,z) m xJ(y»z#w) 
« x«T(w,y, z) 
Hence 2 x «T (w,y,z) « 0. 
Since the cha rac t e r i s t i c i s not g, we have, 
x J(w,y, z) «= 0 
for a l l x G M, w, y, z 6 A. 
(Hence HJ(A, A, A) » 0, which is» by the way, another 
proof of the lemma 3.3) . 
This,with (3 .k)gives , 
J (wx,y,z) m 0 for a l l w e N, x, y, z 6 A, 
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which shows t h a t 
j (NA, A, A)
 B 0, 
hence, H i s an idea l of A. 
3.7 Nucleus of a quasi-Lie algebra i s not an idea l 
In Malcev algebra, we have seen t h a t the nucleus 
i s an i d e a l . But i t i s Jiot i n the case of a quasi-Lie 
algebra (Example 3.2) . Some i n t e r e s t i n g r e s u l t s 
(Iiemma 4, 5, 6) given below are t h a t H, the nucleus of a 
quasi Me algebra works as a zero d iv i sor on J (A, A, A). 
I f i t i s also an idea l then N works as a zero d iv i so r on 
J (A, A,A) A. \jf (A,A,A)j| and to the higher powers. In 
the end, the above r e s u l t s are summed up to give a theorem 
t h a t IT i s an Ideal i f and only i f 
J (wx, y, z) m w J ( x , y, z) 
for a l l w e I , x, y , z (5 A. 
The following i s the example pf a quasi-Lie algebra 
i n which N i s not an i d e a l . 
Example 3.2 Let A be a nonassociative algebra wi th b a s i s 
f eV e2* e 3 ' e 4 } h a v i n S "fcbe mul t ip l i ca t ion table : 
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e 2 e. e 4 
e. 
e. 
e. 
-e . 
e 
e 4 
3 
0 • * ! 
e 2 
0 
0 
e3 
0 
0 
2 
I t i s a quasi I»le algebra. But not a Malcev algebra 
since 
'
 ( V V *2 *4> * J (V V "V " 0 
J J ( « g , e s , e 4 ) e a « - 2e s • 
Moreover» $ « ^ e , | » which i s not an i d e a l . 
l e s ta te a p a r a l l e l r e s u l t of lemma 3.3* 
Lemma 3.4 In a quasi "Lie algebra A, the nucleus H 
s a t i sfie s 
H ^ (A, A, A) « 0. 
Ihe proof follows Immediately i f we assume that w e K 
and x» y» « 6 A i n the quasi-Lie i den t i t y ( g i e ) . The 
same assumption i n (2.g) w i l l lead to t 
Lepm^ ff fi The nucleus N of a quasi-Lie algebra s a t i s f i e s 
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«T(wx»y,!5) + J(wy, z, x) + J(wz, x, y) * 0 
fo r a l l w 6 N, x, y, e 6 A. 
Lemma 3.6 I f If i s an idea l of a quasi *Lie algebra A, 
then N s a t i s f i e s 
N [ > (A, At A) . A] « (0) . 
Proof* Let w 6 N» x, y» z 6 A. 
2hen from Lemma (3 .5 ) , we know tha t 
w J (x, yf z) « 0. 
Since, w a 6 S, we have 
w a. J (x» y, z) m 0, which can be wr i t t en as 
0 » aw. J(x»y,2i) 
« J (a, w, J <x# y , a) ) 
« [w J (x , y, z) ~} a + (jf (x, y, z) a] w 
m \ j (x t y» as) a ] w since the f i r s t term i s 
zero by Lemma 3.5, 
«> N \j (A, A, A) A] * 0. 
Remark; 3.8 By repeating the above argument, we can 
prove t h a t 
ft fj(A*A,A). A J o (0) for any i n t ege r n. 
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Remark 3.9 Since J(A,A,A) Q A, from lemma 3.6 , 
i t follows tha t 
_ g 
N L^(A,A,A)3 « (0). 
Theorem 3.6 Let A be a a ias i -L ie algebra. Let N be 
the nucleus of A* Then I i s an idea l of A i f and only i f 
3 (wx, y» z) « w J ( x , y , z ) 
for a l l w © N, x ,y , z e A. 
Proof. Let A be a quasi-Lie algebra and N, the 
nucleus of A be an Ideal* 
Then liy the de f in i t ion of N, we have 
w J ( x , y , z ) « 0 V w e N, x ,y , z e A. 
Also, since If i s idea l 
J (wx, $, z) m 0 V w e H, x, y, z e A. 
Hence J(wx, y, z) » wJ(x, y, z ) . 
Conversely, l e t 
J(wx, y, z) « w J (x , y , z) 
From lemma 3.4 
w J(x» y, z) • 0. 
Hence <F(wx, y, z) m 0 , showing tha t N i s an i d e a l . 
IV 
ANALOGUES OF ARTIN'S THEOREM 
4.1 Introduction 
As pointed out in Chapter I (definition 1.6) 
an alternative algebra A over a f ield F I s a non-
associative algebra in which x^y » x(xy) , and 
yx8 - <y*)x for a l l x, y e A. XI* l e f t and right 
equations are known, respectively, as the l e f t and 
right alternative laws. These are equivalent, i n terms 
of associators, to (x,x,y) » 0 and (y,x,x) « 0 
V x , y e A. 
Artin proved that ( gee Schafer^ee] p . 29 ) the 
subalgebra generated by any two elements of an alternative 
algebra i s associative. In th i s ohapter, we intend to 
give an alternative proof to the Malcev analogue of 
Artin*s theorem v i e . , every subalgebra generated by 
any two elements of a Malcev algebra i s a Lie algebra. 
This resul t i s implied by a theorem of S a g l e t 6 l 3 . 
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Our proof mainly depends on the induotion p r inc ip le on 
the l eng th of a word. 
I n sect ion 4 .3 , we consider the problem of quasi* 
l i e analogue of Ax-tin's Theorem. I t has been observed 
tha t the gubalgebra generated by two elements of a q..l 
algebra need not be a I»ie algebra, nor Malcev and n e i t h e r 
extended Lie . 
I n the l a s t sect ion, a p a r t i a l converse of Malcev 
analogue of A r t i n ' s Theorem i s obtained. Also, i t i s 
observed tha t i n any anticommutative algebra i f every 
gubalgebra generated by two elements i s M e , then the 
algebra must be extended Lie. In the end, an example i s 
given to show t h a t such an algebra need not be Malcev. 
4. g Malcev Analogue of A r t i n ' s Theorem 
The following four r e s u l t s which imply that every 
subalgebra generated by two elements of a Malcev algebra 
i s l i e , are due to Sagle \_61~\ . 
Theorem 4.1 Let X, B, C be subsets of a Malcev algebra 
A such tha t J (X, X, A) * J(B, B, A) = J(C,C,A) 
m J(X, B, 0) * 0. 
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Then the subset D = X U B U C I s contained i n a Lie 
subalgebra of A. (Theorem 4.2) 
Corollary 4.1 Any two elements a, b of A (or any three 
elements a, b» c of A sa t i s fy ing J (a, b , c) » 0 ) are 
contained i n a Lie subalgebra of A. (Corollary 4.4) 
Theorem 4.2 Let B be a Lie subalgebra of a Malcev algebra 
A and l e t C be a subset of A such that 
S (B» B> C) a H (C, C, A) * 0. 
Then, D « BU 0 i s contained i n a Lie subalgebra of 
A . (Theorem 4.16) 
ffilPUffiflT i,„2 Srery maximal Lie subalgebra of A i s a 
maximal Lie subset of A. (Corollary 4.17) 
I t can be eas i ly observed tha t Malcev analogue of 
A r t i n ' s Theorem i s the consequence of the above r e s u l t s . 
Sagle \ J J l ] has quoted i t as a remark i n the following 
way. 
Theorem 4.3 »* Any two elements of a Malcev algebra 
generate a Lie aubalgebra, " 
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We give here an a l t e rna t ive shor te r proof of the 
above statement. 
Proof. Let A he a Malcev algebra and l e t x, y€A. 
Consider B e < x# y > the algebra generated by x and 
y of A. Ihe elements of B w i l l he l i n e a r combinations 
of the type 
*
 E
 h z2 ZZ " • H 
where e a c h \ ^ i s e i t h e r x or y . To show t h a t B i s a 
Lie algebra, we need to show tha t 
J ( Pi 1» r) * 0 for a l l p , q , r S B. 
Because of the l i n e a r i t y of the Jaeobi expression, without 
l o s s of genera l i ty , we can suppose t h a t p , q» r a re 
monomials of pos i t ive degree i n x and y . 
Let us denote the degree of p , q, r as 6p» 6q and fir 
respec t ive ly , and l e t 6p+6q+6r » n . I f n=s3» then 
6p m 6q = 6 r » 1 . In tha t case J ( p , q, r) takes the form 
e i t h e r J ( x , y, x) or J ( x , y, y) or t h e i r equivalent forms 
i n which at l e a s t one of the elements w i l l repeat . But 
almost a l l of them are zero by anticommutatively. Hence 
J (p» £* r) « 0» 
when n « 3. 
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Now apply induction on n. Suppose that the Theorem 
i s true for a l l p, <1, r such that 6p • Bq. + 6r < n. 
F i rs t consider the case when one of p, <l, r has degree 1 . 
Without any loss of generality, we can choose p «• x • 
For any elements u, T e B, q. » uv, since u 2 a v s e 0 . 
I f 6u * I t then <i « xv or yv. If 6u ^ 1, then u = v^u-
(say), hence <l » (t^ ug) v* 
How by induction hypothesis, 
J ( ^ , Ug , T) « 0, 
implying, 
(u^ ug)T + (u T)U- + (vuj)ug « 0, 
Therefore, 
q. * v^ (ugT) • u g (v u^) . 
I f ou^ « 6u * 1, then % i s of the form q. » xa + yb where 
a and b are polynomials of degree l e s s than 6q. in x and y. 
I f not, we continue th i s process t i l l we get the form 
q. « xa + yb for some polynomials a and b of degree l e s s 
that 6ti Similarly, we can write r » xc • yd. 
J (p><l»r) » J{x, xa + yb, xc+yd) 
m J(x,xa,xc) + J(x,xa,yd)+ J(x,yb,xo) + J(x,yb,yd). 
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The f i r s t three terms on the r ight are zero by us ing 
lemma 1.2 and the induct ion hypothesis. So 
J (p, a, r) a 3 (x, yb# yd) . 
Pu t t ing y » yb, .w « y and z s d i n the Malcev i d e n t i t y 
of lemma 1.4» we get 
J (x, yb, yd) « J<x, yb, d)y + J(y# yb, d)x 
- J(y» yb» xd)« 
On the r igh t hand s ide , a l l the terms are zero by us ing 
the induction hypothesis and lemma 1.2. Hence, <J*(p,<l»r)=0 
i f any one of the p f q, r i s of degree one. • 
Now, we suppose tha t 6p > 1 , 6a. > 1 and 6r > 1« 
As before, we can wr i te p * xp' + yp '* fo r some polynomials 
p ' and p " i n x and y such t h a t Sp ' , 6 p " < 6p. 
Then 
J (?• <1» r) « J (xp» + yp*' , q t r) 
« ^ (xp ' t <1» r) • J ( y p " • q, r ) . 
By pu t t i ng x=q, »*p*, w«x and y*r i n Malcev i d e n t i t y of 
lemma 1.4, we have 
-«0 
J (q t yt xp») «• J (x , r» qp*) 
« J (<l» r , p*)x + J (x» ** P*) a» 
The r ight hand side i s zero by induct ion hypothesis. 
Further , J ( x , r» qp*) « 0 by the case considered above. 
Hence, 
J (xp ' , <3U r) * J (a., r , xp ' ) * 0. 
Similarly, J (yp f t » q» r) can be shown to be equal to zero 
by pu t t ing x » q.» z * p1 *# Way and y » r i n lemma 1.4. 
Hence J(p»q.»r)« 0. Thus, B i s a Lie algebra. This proves 
the Theorem. 
4.3 A r t i n ' s Theorem i n q . l algebra. 
The natura l question which a r i s e s i s 'what i s the 
subalgebra generated by two elements of a quasi-Lie algebra?* 
We show, by means of an example, t ha t i t i s not a Lie 
algebra. 
Now we give the example of a qj&asi-Lie algebra i n 
which a subalgebra generated by two elements i s n e i t h e r 
a Lie algebra nor extended Lie and hence n e i t h e r Malcev. 
Example 4.1 Consider the algebra A wi th ba s i s ^ V V e 3 , e 4 } 
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having the multiplication I 
e, 
e, 
'4 
e. 
*e, 
e 3 
0 
0 
e. 
0 
0 
*e. 
e. 
e 8 
fne quasi *Me identi ty (2.e) can toe easily verified and 
thus seen that th is algebra i s a quasi-Me algebra. 
flow, l e t B * ^e1 # eg~^ the subslgebra generated by e^ ^ and 
v 
Consider 
J ( e l e 2 • ® 2 V f l ' ( e g V V e2) 
« " « (e*» e»» e . ) 
» «3 / 0 , implying that 
J (ot# yf z) 4 ° for x • e,e , y*» ege^.e, and 
a =» (•g*^* e i ) eg» ^*»e B i s not a Me algebra. 
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Again consider, 
J (Vs • V r e i • 'Ve^Vr6!* } 
Hence, J ( x , y, xy) ^ 0 for x» e^eg and y» e ^ . e ^ ^ 
which shows tha t B i s not even an extended Lie algebra. 
Hence, i t cannot be Malcev algebra a l so . 
This algebra, i s therefore , some algebra which i s 
not known to us a t present . 
Remark. The example 4,1 constructed above i s an example 
of quasi-Lie algebra but i t can be checked from ( g . a ) , 
(2.c) and ( l .d ) tha t i t i s ne i the r Lie nor extended Lie 
nor Malcev, 
4,4 P a r t i a l converse of Malcev Analogue of 
Artin1 s Theorem 
The next question w i l l be for what anticommutative 
algebras every eubalgebra generated by two elements of 
the algebra i s Lie f Can we get such an algebra as quasi -
Lie under cer ta in conditions? I t i s not easy t o answer 
these questions. We know t h a t i n the a l t e r n a t i v e case 
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A r t i n ' s Theorem i s t rue both ways but looking in to 
l i t e r a t u r e one f inds t h a t the p a r a l l e l problem for 
external Lie and Malcev algebras does not appear t o 
have been solved as ye t . 
We remark here t h a t the polynomial i d e n t i t y defining 
quasi-Lie algebra i s much weaker than tha t of the Lie 
since when the type as defined i n g. g increases* the 
polynomial i d e n t i t i e s become complicated and the s t ruc tu re 
defined by those i d e n t i t i e s become weaker. I t ls» 
therefore , the s t ruc ture of quasi -Lie algebra becomes 
too general to handle,. We, however, observe tha t i f i n 
any anticommutative algebra* i f every subalgebra 
generated by two elements i s l i te , then the a lgebra must 
be extended Lie. This i s a p a r t i a l converse of Malcev 
analogue of A r t i n f s Theorem, and i s easy to see since i f 
B « x, y i s the subalgebra generated by any two 
elements of m anticommutative algebra A then the i d e n t i t y 
for extended Lie J ( x , y , xy) « 0 holds since B i s L ie . 
This i s true for a l l x, y G A and hens e A i s extended L ie . 
. The following shows tha t A w i l l not be Malcev algebra. 
Example 4. g . Let A be an algebra with b a s i s ^^e^e^e^l 
having the mul t ip l ica t ion t ab le : 
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e. e. e, !4 
e^ 
e, 
'4 
0 
*3 
0 
e, 
0 
~e„ 
« i 
*e 2 
0 
By verifying <2.c) i t ean be easily seen that i t i s 
also an extended Lie algebra. Consider a l l the subalgebras 
generated by two elements of A» 
B 23 i e 2 * e 5 1 
B24 " f *S » *4 * 
^ 4 m I V e 4 $ ^ ^ { € 3 • e 4 ^ 
Since e^ e. « e^ or e. for a l l i , $ m 1,2,3,4 i t i s 
easy to see that a l l these subalgebras are Lie algebras. 
But, J ( e 4 , eg , e 4 eg) 4 ^(©4» «3, eg) e 4 , showing that 
A i s not Mai per algebra. 
V 
YAMAGTJTI'S g . l . t . s ANDKASS AND WTIBDFT'S 
THEOREM 
5.1 Introduction 
In th is chapter the structure of anticommutative 
algebras in which a t r i l i n e a r operation 
x, y, z m a 3cy. 2 * P yz.x • Y zx.y 
for a, p, t 6 l» satisfying some other types of iden t i t i e s 
in the same operation has been discussed. These certain 
iden t i t i e s of t r i l i n e a r operations make the algebra Lie 
under a par t icular value for a» P end Y» while for another 
set of values the algebra becomes extended Me, quasi-Me 
and so on. 
These iden t i t i e s we selected for our discussion are 
some of the iden t i t i e s of general Me t r ip le system 
defined by Yamagutl {JS&3 * I t i s Interesting to note that 
only three iden t i t i e s out of the six iden t i t i e s of the 
g . l . t . s refered to above imply a l l the five algebras 
defined by the irreducible polynomial i den t i t i e s of 
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Theorem 2.1 of Kass and Witthoft \jfOl . 
Even though the g . l . t . s i s too much suff ic ient t o 
define these s t ruc tu res , we s t a te our main Theorem i n 
the l i g h t of Yamaguti's def in i t ion of the g . l . t . s because 
the g . l . t . s given by him i s the extension of the idea ot 
l . t . s which has appl ica t ions i n d i f f e ren t i a l geometry 
and Jordan algebras . 
Our main Theorem (5 .7) , which s t a t e s t h a t the a n t i -
commutative algebra A which s a t i s f i e s the modified condit ions 
of g . l . t . s becomes a l i e algebra when p a Y , a t p + Y / l , 
an extended Lie algebra when p = Y and a * 2p, a quasi -I»ie 
algebra when p « Y and a + 8? « 1 and also s a t i s f i e s two 
more i d e n t i t i e s under some ce r t a in conditions on
 a , £• Y 
of the f i e ld F, has been proved i n Section 6.2 in p a r t s . 
Some more anticommutative s t ruc tu res which have not been 
touched, have been pointed out i n the end. 
5,2 Anti commutative algebra and i d e n t i t i e s 
i n t r i l i n e a r Operation 
This i s the main sect ion of the chapter where i n , 
d i f ferent Theorems, i t has been shown how the assumption 
of a t r i l i n e a r operation on ant i commutative algebra under 
an addi t ional condit ion turns the algebra in to Lie (2.a) 
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extended Lie (2 .c) t quasi Lie (2.e) and also introduces 
new algebras (2.b), (2. d). Finally, we gum up in Theorem 
5.6, 
By a t r i l i nea r operation on an algebra A over F, 
we mean 
6 jjc,y»a] * axy.zt + pysi.x + Yzx.y 
where 
a, p, Y e P, x, y, z G A. 
Theorem 8 4 Let A be an anticommutative algebra of ch ^2 
with a nonzero t r i l i n e a r operation given by 
e \_xty,z] m. axy.z • pyss.x -f Yzx.y 
where p 4 Y, satisfying 
© Lw»x,yz] + s8 (jr,x,y] + ye[j3c,w,zj = 0 (5.a) 
Then an identi ty 
(xy,x)x * 0 V x, y 6 A» holds in A. 
Proof. From (6.a) we get 
e£x,x,y*r] + z. 9 ]~x,x,y] • y.9 [ x , x , z ] • 0 
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which by ant i comma t a t l v i t y implies that 
p(x.yzfc x + Y(yz.x)x + 0z (xy.x) + YE (yx.x) 
+ py (xz.x) + Yy (zx.x) « 0 
Again using anticommutativity, we get 
(p*T)(x.yz)x * z(p**T) (xy.x) • y(p-Y)(xz.x)e 0 
which implies that 
(p*Y) (x.yz)x • z(xy.x) + y(xz.x) * 0 
But, p*Y y£ 0. Hence after identifying y and x, we get 
(y.yx)y + y(yz.y) * 0 for a l l y,z e A 
i . e . , 2(y.yz)y m 0. 
Since A i s of ch. £ g, i t implies 
/ 
(x. xy) x m 0. 
Theorem B.g Let A be an anticommutative algebra with a 
nonzero t r i l i nea r ope ra t i oh 
i 
i 
6 [x,y,zj a
 a xy.z<+ p yz.x + Y zx.y 
where p * Y and a + P + Y ^ 1 , satisfying 
J(x,y,z) m 9 [>,y ,2] * © Cy*e»x] + e C?»*»y] (8 
Then A i s a Lie algebra. 
Proof. Prom the given t r i l l nea r operation, putt ing 
p « Y» we get 
8 [ x , y , z ] =« a xy .s + P y z . x + p sauy 
* P 3 (x,y,z) + (a-p) (xy.z) 
Similarly, 
0 [V ,z ,x ]» p *T (y,2,x) + (a-p) yz.x 
and 
G ^jsf3c,y] w p 3 (z ,x ,y ) • (a-p) zx.y 
Substituting these values in (5,b), and using 
antlcommutativity, we get 
3p J (x,y,z) + (a-p) J(x,y,z) - J(x,y,z) ** 0 
i . e . , (a • 2p - 1) J (x, y, e) • 0. 
Since « i p + Y / 1, we have a + 2p ^ 1 and hence 
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J (x, y, z) m 0, the Lie ident i ty . 
Theorem &. g l e t A be an anticommutative algebra of oh / 8, 
with a noneero t r i l i n e a r operation given by 
9 \jct y , sT\ m a xy.a + p yz.x + Y soc.y 
where p * Y and a 4 2P» satisfying 
8 \jw,x,yz] + B.e[w,x,y] + y.e [jc»wf a j « 0 (s.«) 
Then A i s an extended Lie algebra. 
Proof. We have seen in Theorem 5.2 that i f p « Y 
e x,y,a * p J(x»y»a) «• (oc-p) xy.a 
Hence (5.a) gives 
p J(w,x,y»)+(a-p)(wx.ya)+z pJ(w,xfy) 
+ z(a-p) (wx.y)+ypJ(x,w,B)ty(a-p)(xw.z) = 0 
Using anticommutativity. we get 
pJ(w,x,yz)+zpJ(w,x,y)+ypJ(x,w,i5)»(a-p)«r(wx,y,jz)« 0 
tmfjti 
Putting w « y and z m x, we nave, 
P ^(y»x,yx) - (o f f ) 3 (yx, y , x) * 0 
implying (2p-a) J(x, y» xy) » 0 and since
 a ^ Sp, i t 
gives the extended Lie identi ty 
<r ( x» y, xy) « 0 V x, y 6 A. 
theorem 8.4 Let A "be an anticomnaitative algebra with a 
nonzero t r i l i nea r operation 
e \ j t , y , z l *
 a ' xy.z • p» yz.x + Y' zx.y 
for atbi trary a1 , p* andY* 6 F satisfying 
8[w»x,ysf[* z.9Cw tx,y] + y.ej^x.w,^] « 0 (5.a) 
Then the Identity 
a xy.xss • £ ^(xy.x)sj - (xz.x)y^ • Y ^ («y.a)x- (xz.y)xj 
+ <P+Y) ^(yz.x) x j- « 0 holds in A. 
Proof; We select different values of the coefficients 
for each t r i l i n e a r operation in (5 ,a) . 
IIMJOAIH.,' 
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Let e [w,x»yz] »
 a i wx.yz* p1(x#yz)w+ YX(FZ.W)X 
z.e jjff,x,y] * z.^(wx.y)+z.pj|xy.w)+z.Yg(yw.x) 
end 
y.0 [x,w,z]w y,ct3(xw.z)4-y.p3(wz.x)4.y.Y3(zx.w). 
Adding, we get 
ax wx.yz* px(x.yz)w + Yx(yz.w)x + «3z(wx.y) 
«• pgZ(xy.w) +Yg«(yw,x)+ ^ ( x w . s ) 4- pgyCwz.x) 
+ Y3 y(zx.w) a 0. 
Changing w to x, x to y and y to x, we get 
a^ (xy.xz) + p-^y.xz) x + Y1(xz.x) y • agz (xy.x) 
•f pgZ (yx.x) + p3 x(yx.z) + p3x (xz.y) • Y3x(zy.x) • 0 
Using anticomrautativity, t h i s implies 
a^Cxy.xz) + (pg*fcg)(xy.x)z 4- Y1(xz.x)y + a3(xy.z)x 
" (Pi + P3)(xz.y)x + Y3 (yz.x)x « 0 
Choose a 3 - P 3 * ^ and a^ pg « Yx - a 3 * Y3 . 
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IDhen we get 
a* (xy.xz) - Y^ ^(xy.x)z * (xz.x) y} 
+ a 3 l (xy .z ) x - (xz.y) x | 
+ ( ^ + a3) S. (yz.x) x ] t> 0. 
Nowf s©t a-j » a • •¥* » (3 and a* *= Y» 
Hence, we hare the identi ty 
a (xy.xz) + 0 £(xy.x) z - (xs.x) y]+7 £(xy.z)x-(xz.y)xj 
• (p+Y) ( (Yz.x) x } * 0. 
Remark. If we choose the values of the coefficients 
a» p» Y to be the same in a l l the t r i l i n e a r expression, 
the ident i ty reduces to aero ident ical ly . 
theorem 5.S Let A be an anticomrautatlve algebra of oh ^ g, 
with a nonzero t r i l i n e a r operation given by 
e£wx,y,zj • 9 [jxy,w,if[ + efyw,x,sf] » 0 (6.c) 
Then A i s a quasi-Lie algebra i f p « Y » 4 and a • ^ • 
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Proof. Without loss of generality, we can assume 
that p « Y and, a • 2p * 1. 
In th is case* we know that 
e 0»y»z] «= M (3c,y,B) + (oc~P) xy.z 
Prom (5.c) , we get 
0 m 6 jjsrx,y,z] + e Qxy» w» 2 J * e [y^* x» *Q 
» p J (wx, y, z) • (a~P) (wx, y) z 
+ M {*y» w» *) • («~P) (*y»w) « 
+ p J (yw, x, z) • (a*f) (yw.x) 2 
« p J (wx, y z) + p J(xy, w, z) + p J (yw, x, z) 
• (a - P) 3 (x, y, w) z. 
Since, p ^ 0 and a • P * P by the given condition, i t 
implies that 
J(w,x,y) zm J(z,w,xy) + J(z,x,yw) + J(z,y,wx) (5.d) 
Consider the quasi-lie expression (2.e) 
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Gt (x,y,z,w) s J(x,y f z)w «• J(w,x,y) « + J(z,w,x) y 
~ J (y#«»w) xt 
which, using (8.d) leads to 
G(x,y,E,w) = g ^J(wx,y,a)+ J(w,x,yz) • J(wy, z, x) 
• J(w,y,Bx) + J(wz,x,y)+ J(w,x»yz)j 
But we know that 
&(x,y,z,w)w J(wx,y»z)+J(w,x,yz)+ £(wy,z,x) 
• J(w,y,«x)+ J(wz,x,y) + J(w,z,xy) 
From the above two equations i t implies that 
G(x,y,*,w) * 20 (x,y,z,w) 
and hence 
G(x» y# z, w) « 0 
i . e . , J(x,y,z)w » J(w,x,y)z + J(z,w,x)y - J(y,z,w)x = 0 
which i s the qua&i-Ide ident i ty . 
How we state our main Theorem which follows at once 
from Theorems 5,1, 5.2, 5.3, 5.4 and 5.5. 
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Theorem S.6 Let A he en anticommutative algebra of oh 4 8 
with a nonzero t r i l i n e a r operation given by 
e "[x, y, a j « a xy .z+ P yz.x + t «x.y 
with
 a > pi t are arbi trary t and satisfying the conditions t 
© [w,x»yz] • z,e [w tx,y] • y.© [xtvt,zj * 0 (S.a) 
«F(x,yfs) * © [x#y,sf] + © [y fB,x] + 9 [>»3c*yll (8«*) 
© £wx»y#a] * © | jqr ,w t»] + © ["yw,x»z]]« ° (s»°) 
fhen A sa t i s f ies 
(i) the Lie algebra condition J(x,y, as)«0 x,y«eA 
when p « T and a+8+Y 4 1 
( i i ) the condition (xy,x)x « 0 i f 6 y&t 
( i i l ) the extended Lie algebra condition 
J(x,y,xy) * 0 when 8 « *f and a * 28 
(iv) the condition 
a xy.xz+ 8 ^(xy.x)z - (xz.x)yj 
+ Y [(xy.s)x - (xz.y) x] 
* (8+Y) ^(yss.x)x ] • 0 for arbitrary <#, 8,Y 
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(v) The quasi-Me algebra condit ion 
G- (x,y»z,w) » 0 i f p n t s » , a « T . 
6,3 Anti commutative algebras and g . l . t . s 
I t i s to be noted tha t the condit ions ( 5 . a ) , 
(5.b) and (5*c) i n the above Theorems are three of the 
s ix condit ions of the general Lie t r i p l e system, denoted 
by g . l . t . s, as introduced by K. YamagutiCssl . Only we 
iden t i fy our operation e jjjc#y,al by [>»ytj&] . Also 
since our algebra A i s anticommutative* the i d e n t i t y 
x
2
 * 0 (5.e) 
which i s also a condit ion of g . l . t . s, follows. Now we 
ojiote Tamaguti. 
Def in i t ion 5.1 A general Lie t r i p l e system i s an 
ant i commutative algebra A over a f i e l d F, wi th a 
t r i l i n e a r operation £ x , y, z\ and a b i l i n e a r operat ion 
xy i n which the mappfcng 
D (Xty) : ss > [x,y,«J 
i s a der ivat ion sat isfying 
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[xi y, *] » 0 (l) 
X2 * 0 (2) 
\x»yi«J + [y»z»x]+ [ z , x , y j - xy.2ryss.x-zx.y * 0 (3) 
[wacty,«]•»• [xy,w,sf] + [yw,x ,a] * 0 (4) 
^[u»v,w] ,x,y] + | j y , u , x j , w,yH 
+ j j r ,u , iw,x t yq] + [w.x.LujV.yjJ « 0 (5) 
\]wfXtyz] + z \w,x»y] • y (jc.w.sTJa 0 (6) 
We know t h a t the l e f t and r igh t mul t ip l i ca t ions are 
der iva t ions on a l i e algebra* (Jacobson jj>2] ) . Hence i t 
may be noted tha t a Me algebra becomes a g . l . t . s i f we 
set Ex,y,zJ m xy.z . Similar ly, a Malcev algebra becomes 
a g . l , t . s i f we put 
\jK,ytz] » «xy.z + ya .x + zx.y 
since (R , By) + R i s a der iva t ion on Malcev algebra 
(see Sagle £611 ) , 
Yamaguti's main r e s u l t s t a t e s tha t i f the t r i l i n e a r 
operat ion i s homogeneous* and A i s i r r educ ib le as a g . l . t . s 
o r i r reduc ib le r e l a t i ve to the Me algebra generated by 
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D(x,y)*s then A i s simple algebra. Y/hat we have proved 
i n our main Theorem i s s l i gh t ly d i f fe ren t . 
Since [_x, y , z ] i s a der ivat ion, i t should be some 
l i n e a r combination of x, y and z. Hence we can suppose 
t h a t 
(jscty,0] * a sy . z + P 7z*x + p zx.y 
where &, 8, Y 6 f which are not a l l zero. In the l i g h t 
of Yamagutl's def in i t ion of g . l . t , s f now we can s t a te 
Theorem 5.6 as follows. 
Theorem 5.7 l e t A be an anticommutative algebra of ch 4 2* 
with a t r i l i n e a r ope ra t ionCx#y t z l sa t i s fy ing the condition 
of the g . l . t . e * except[ lx , y , z~\* 0. 
Then A i s a 
( i ) Me algebra i f p « Y and a+P+Y 4 1 
( i i ) an algebra defined by (xy.x)x « 0 I f p ^ Y 
( i i i ) an extended H e algebra I f p • Y and a 4 2p 
(iv) an algebra defined by 
a xy.xz+ p £(xy .x)z~(xz .x)y | + Y Hxy.*frx-(xz.y)xl 
• (P+Y) ^ ( y z . x ) x ^ m 0 
•66 
(v) quasi-Lie algebra i f p * Y » ^ and a « g • 
Remark The five s t ruc tu res we obtained above are the 
s t ruc tu res defined over the five i r reduc ib le homogenous 
i d e n t i t i e s of Theorem 2.1 of Kase and Witthoft C70 J • 
I t may be possible tha t the g . l . t . e may form more 
nonassoda t ive anticommutative algebras under different 
condit ions. But our aim was to study quasi - l i e algebra 
and the i r reduc ib le polynomial i d e n t i t i e s of Kass and 
WitthoftL?0~| . But t h i s Theorem suggests t h a t we have 
open avenues for studying di f ferent t y p e s of anticommutative 
algebrasj a t l e a s t the study of the algebras defined by 
the i d e n t i t i e s ( i i ) and (iv) are open. 
-8? 
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